Theoretical A-Binding Energies in Hypernuclear States by Neelofer, Nasra
THEORETICAL A-BINDING ENERGIES 
IN HYPERNUCLEAR STATES 
J^BSTRACT 
THESIS SUBMITTED IN PARTIAL FULFILMENT OF THE REQUIREMENTS 
FOR THE AWARD OF THE DEGREE OF 
©ottor of l^ ljiloioplip 
IN 
PHYSICS 
BY 
TiASRA T4EEbQFER 
Under the supervision of 
Professor M. Z. R. KHAN 
DEPARTMENT OF PHYSICS 
ALIGARH MUSLIM UNIYERSITY 
ALIGARH (INDIA) 
1994 
A B S T R A C T 
( i ) 
ABSTRACT 
Most of the work presented in th i s t h e s i s i s 
phenomenological. Though a number of microscopic and 
semi-microscopic calculations have been carr ied out and 
reported, y e t t he se are limited t o only a few hypernuclei due 
to large computer time required even on super-computers. 
Phenomenological calculat ions, if car r ied out carefully, a re 
useful in giving general t r ends cor rec t ly . With th i s 
objective in view, we have carr ied out severa l 
phenomenological inves t iga t ions . 
The thes i s cons i s t s of nine chapters . Chapter 1 
p resen t s a broad survey of some experimental and t heo re t i ca l 
calculations given in the s tandard l i t e r a t u r e of hypernuclear 
physics. In chapter 2, we have obtained a s ingle-parameter 
semi-empirical ground s t a t e A-binding energy (B.) formula for 
medium and heavy hypernuclei. This formula, obtained using 
charge distr ibution, dist inguishes between nuclei with the 
same core mass number but different number of neutrons and 
protons. A reasonable f i t t o the available B. da ta i s 
obtained. 
Similar formulae, obtained using mass, r a t h e r than the 
charge dis tr ibut ion, a re presented in chapter 3. These 
formulae, without any additional parameter, provide a b e t t e r 
f i t to the B» data of medium and heavy hypernuclei. From the 
analysis of the B^ da ta i t i s found t h a t medium and heavy 
( i i ) 
hypemuclei are not very sens i t ive t o the changes in the AN 
force range. 
The semi-empirical formula, given in chapter 4, for 
the A-binding energy difference between hypernuclear i sobars 
leads t o the finding t h a t l ight hypemuclei a re b e t t e r sui ted 
than heavier hypemuclei for obtaining information about the 
possible presence or otherwise of a charge-symmetry-breaking 
component in the effect ive AN force. 
EarlLer, no semi-empirical formiHa existed for By- of 
light hypemuclei. In chapter 5, we obtain a semi-empirical 
formula, valid for l ight hypemuclei. I t gives a reasonable 
account of the ground s t a t e B. da ta and a t the same time 
provides useful information about excited s - s t a t e s . 
In chapter 6, we obtciin a semi-empiriccil formula, t h a t 
gives a fairly good account of the A-hypemuclear exci tat ion 
spec t ra over a wide range of mass numbers. The formulae for 
the A as well as the nucleon osc i l l a to r frequency have been 
obtained from an ci l temative consideration in chapter 7. 
A phenomenologiccil calculation has been carr ied out in 
chapter 8 which throws some light on the significance of the 
core size and relevance of the effect ive three-body ANN force 
for B. calculations. 
Chapter 9 deals with semi-microscopic calculations of 
A-binding energies of ^H, ^H, *He, .He and spin-flip excited 
s t a t e of .H and /^He, using the var ia t ional Monte Carlo 
( i i i ) 
technique. The effect of Gal's dispersive three-body ANN 
force on tho AN spin-dopondenco i s found t o bo quite 
significant. 
( i v ) 
Publications t o - d a t e (31.8.94) 
1. 'A o n e - p a r a m e t e r formula fo r e s t ima t ing t h e A well depth. ' 
N. Neelofer, Mohammad Shoeb and M. Z. Rahman Khan, 
Pramana - J. Phys. , 37, no. 5 (1991) 419. 
2. ^The e f f e c t of d i s p e r s i v e ANN f o r c e s on t h e sp in-dependence 
of AN p o t e n t i a l ' . 
Nasra Neelofer and Mohammad Shoeb, DAE Symposium on Nucl. 
Phys., Bombay (India), Dec. 21 - 24, 34B (1991) 313. 
3. * s -She l l hypernuc le i and d i s p e r s i v e sp in -dependen t 
n o n - c e n t r a l ANN fo rce ' . 
Nasra Neelofer, Mohammad Shoeb, Q. N. Usmani and M. Z, 
Rahman Khan, . DAE Symposium on Nucl. Phys. , Bombay 
(India), Dec. 21 - 24, 35B (1992) 364. 
4. ^ A semi-empir ical formula fo r t h e energy spac ings in 
A - h y p e m u c l e a r e x c i t a t i o n s p e c t r a ' . 
M. Z. Rahman Khan and Nasra Neelofer , Pramana - J. of 
Phys. 41, no. 6 (1993) 515. 
S e v e r a l o t h e r p a p e r s a r e in communication. 
Pramana - J. Phys., Vol. 37, No. 5, November 1991, pp. 419-424. ® Printed in India. 
A one-parameter formula for estimating the A well depth 
N NEELOFER, MOHAMMAD SHOEB and M Z RAHMAN KHAN 
Department of Physics, Aligarh Muslim University, Aligarh 202002, India 
MS received 3 June 1991 
Abstract A one parameter, semi-empirical formula for A-binding energy of heavy hypemucld 
in the inverse powers of core mass number {A,) has been developed in the framework of 
the folding model Unlike similar calculations reported by other authors (Deloff 1971; 
Daskaloyannis et al 1985), we are able to t^ke into account the effect arising from the 
difference in the number of protons and neutrons of the core nuclei having same mass 
number. The radius and diffuseness are parametrized using the experimentally known charge 
density data of a fairly large number of medium and heavy nuclei The well depth parameter 
(i.e. A-binding energy in infmite nuclear matter) in the formula is obtained from a fit to the 
B^ data of fSi. jCa, -^ 'V and JJ^ Y. Using the original A-nucleui potential, the B^ 
of ground and the experimentally known exdted states of these hypemudei have also been 
calculated by solving numerically the two-body Schrddinger equation. The agreement with 
the experimental data is satisfactory. 
Kcyworda. Semi-«mpirical; A-binding energy; A-well depth; charge density. 
PACSNoa 21-80: 13-75 
1. Introduction 
The main objective of A-hypemuclear physics is to extract information on the nature 
of A-nucicon (AN) interaction and to explore the nuclear structure using A-hypcron 
as a probe. Apart from A-binding energy (B^) and Ap scattering data, A-binding 
energy in infinite nuclear matter (D )^ is considered to be an important datum and 
may play a role in discriminating between the available AJV potential parameters. 
Therefore, "empirical" determination of D^ value unambiguously has been at the 
focus of attention almost since the inception of work in this area. Several methods 
have been suggested for the determination of the latter quantity (eg. Gatto 1955; 
Walecka 1960; Bodmer and Murphy 1965; Deloff 1971), but because of their inherent 
limitations and ad hoc nature, the information about D^ cannot be considered to be 
very reliable. Critical analysis of the earlier work is made in Shocb and Rahman Khan 
(1986). 
The Df^ value calculated by Shoeb and Rahman Khan (1986), using their 
semi-empirical formula, is 31-6 MeV. However, ambiguity arises in Df^ value depending 
upon whether the A~"^ (where A^ is the core mass number) term in the formula is 
included or excluded. A value of 28-02 MeV has been estimated for D^ (Ahmed et al 
1985) using a density-dependent \N interaction in the framework of the folding 
model. Since B^ data of heavier hypemuclei were not used in the earlier analyses, as 
they were not available then, the identification of the well depth with D^ is not very 
reUable. The present work is mainly concerned with determining D^ using the recent 
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B^ data of heavier hyperauclei and also to obtain a one parameter analytical formula 
giving a fairly good estimate of B^ for medium and heavy hypemuclei. Some attempts 
have already been made in the latter direction (Deloff 1971; Daskaloyannis et al 1985). 
However, they do not discriminate between different number of neutrons and protons 
for the same Ac. This is a severe limitation. 
In the next section, the relevant mathematical steps leading to an expression for 
B/y are giveiL The radius and diffuseness of the Woods-Saxon (W-S) distribution are 
parameterized as by Angeli et al (1980) and these parameters are obtained using the 
experimental charge density data of medium and heavy nuclei (De Vries et al 1987). 
In the folding model approach of Deloff (1971), employing the parametrization of the 
radius and diffuseness parameter of the W-S charge distribution mentioned above, 
and following the method given by Flugge (1971), an expression for B^ is obtained, 
in inverse-powers of A^, in terms of a single parameter which is identified with-DA-
The formula takes into account difference between the number of neutrons and protons 
of the core nucleus. The A well depth parameter in the formula is obtained from a 
fit to the Bj, data (Pile 1989) of fSi, ^Ca, '^V and ^Y. Since the W-S 
form employed is applicable to heavy hypemuclei only, the lighter hypemuclei have 
been excluded from the fit. B^ data for ground and excited states are also fitted by 
solving numerically the Schrodinger equation with the folded potential. Result and 
discussion are presented in §3 and conclusions in §4. 
2. Formula 
The single-particle A-nuclcus potential is obtained by folding AN force with the 
nucleon density of the core nucleus. Assuming the neutron and proton point densities 
to be the same and the range of AN force to be equal to the proton size, the A-nuclcus 
potential is given as 
y.^ir)=-D,PcM (1) 
with the charge density Pj»(r) given by the W-S shape 
Pch('-) = l /[ l+exp(r-R)/a]. 
The parametrization of radius and diffuseness as given by Angeli et al (1980) is 
employed 
R = Co + C,Al'^ + C^{N-Z)A-\ 
a = Ao + A,{N-Z)A;', (2) 
where N and Z are the number of neutrons and protons in the core nucleus, 
respectively. The parameters Co, Ci, C2, AQ and Ai are fixed from the radius and 
diffuseness parameter of experimental charge density (De Vries et al 1987) covering 
a fairly large range of medium and heavy nuclei. There are several similar parameter 
sets available out of which the one that gives the minimum least square (LS) for the 
B^ fits has been chosen. The relevant eigenvalue equation for B^, in the approximation 
exp( — R/a) « 1, i.e. for heavy hypemuclei. is solved analytically for A-nucleus potential 
given by (1). The details are given elsewhere (Deloff 1971; Fliigge 1971). The familiar 
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expression for B^, which is a series in powers of A~^, is given by 
with the coefTicients C, defined as 
Co = C^^ C\=B,-B^W, C^ = Bi-B^W+B,W\ 
and ti^ is the reduced mass of the A-core nucleus system. In the relations for C,, the 
coefficients B, and W are defined as 
W= X Z'lin{n-¥Z')\yNhcnZ' = (Ao + A^{N-Z)A:^)K^, 
n - l 
Xo =[(2/iA^DJ/(^c)^]"^ and B, = 2CoCr'+ 2Cr^Xo'. 
B2 = 4/loCr'. B3 = 3 q C ^ * + 6CoC^*Xo'+3C^*A:o^ 
5*= 12CoCr*/lo + 12/loCr*Ko', Bj = 12/JgCr\ 
B6=12C|Cr' /Co' + 12CoCr'Xo^+4Cr'/Co\ 
B, = 24CgCrMo + 48/loCoCr'Ko'+24<4oCr*Xo'. 
Bg = 48/lSCoCr* + 48/4f,C,-'Ko', B., = 32/lSCr*,... 
3. Result and discussion 
The By formula in (3) is not valid for light hypernuclei and.- therefore, we exclude 
s- and p-shell hypernuclei from the fit to the B^ data. Thus the input consists of the 
B^ data of ^'Si, "^Cd., '^V and ^^ 'Y (Pile 1989). The parameter set which gives 
minimum LS for the B^ fit is 
Co=-0-24682, C, = 1-11886, C2 = 0-95198. 
/lo = 0-54895, /I, =0-03218. (4) 
The D^ value corresponding to the best fit (LS i^ 15-0) to B^ data (table 1) is 33-29 MeV. 
With the folding potential (1) and taking R and a as given by (2) and (4), 
the Schrodinger equation is also solved numerically and fits to the B^ data of the 
ground and excited states of JfSi, ^Ca, '^V and ^Y (Pile 1989) are obtained 
as usual by the least square method. The D^ value corresponding to the best fit to 
B,,^  data (LS= 16-11) is 3005MeV. It is not surprising that this differs by about 
3-25 MeV from the value obtained using the analytical formula for B^ because the 
latter is not exact. Clearly, the value D^ = 30-05 MeV is to be preferred. The best fit 
B^ values for ground and excited states and their corresponding experimental values 
are presented in table 2. The fits are quite satisfactory. 
We also use the formula as well as solve the Schrodinger equation exactly to predict 
422 N Neelofer, Mohammad Shoeb and M Z Rahman Khan 
T«Ne 1. Results of a LS fitting of B^ 
data. The D^ value is 33-29 MeV. 
Hypernuclei 
i»Si 
fCa 
i'v 
?Y 
fl^Cexp) 
(MeV) 
16-0 
18-6 
19-8 
22-5 
B (^cal) 
(MeV) 
131 
18-0 
204 
24-8 
TtUe 2. Results of a LS fitting of ground and excited sute B^ data, obtained 
by solving Schrodinger equation numerically. 
Hypernuclei 
i?si 
? c 
i'v 
!?Y 
»A 
160 
18-6 
19-8 
22-5 
(MeV) 
PA 
7-2 
9-2 
131 
16<l 
d^ 
_ 
1-7 
3-9 
9-2 
/ A 
. . . 
— 
— 
2-0 
»A 
15-5 
18-2 
201 
230 
PA 
4-9 
8-6 
11-7 
16-6 
S A M ) 
(MeV) 
d. 
__ 
(unbound) 
28 
9-3 
/ A 
„ 
— 
— 
1-5 
Tabic 3. Upper bounds of B^ values assigned to two 
mass number ranges of the core nucleus (Goyal 1966). 
Mass number ranges 
Experimental upper limits 
of B^ values (MeV) 
/< -36±7or 64±7 
/4=45±6or 73±6 
/ 4 - 5 3 ± 5 o r 81 ±5 
/ 4 - 6 6 ± 4 o r 94±4 
-4 - 76 ± 2 or 104 ± 2 
219 
23-0 
22-5 
22-8 
23-7 
the B^ values of heavy and spallation hypernuclei (Goyal 1966). From the data (Goyal 
1966), given in table 3, for ready reference, it can be seen that each upper bound of 
Bf^ can be assigned to either the lower mass number range of the core nucleus (i.e. 
mean A^ = 35, 44, 52, 65 and 75) or to the higher mass number range (i.e. mean 
A^ = 63, 72, 80, 93 and 103). We have carried out two sets of calculations in respect 
of Goyal's data, both by using the analytical formula and exact numerical solution 
of the Schrodinger equation. In one set, we choose the lower mass number region 
and assign the measured upper limit of B^ to the corresponding mean value of the 
core mass number and in the other set to the corresponding mean value of the higher 
mass number region. Since the density parametrization, chosen in (1), is expected to 
be good for nuclei having A^ near the valley of stability, the core of the hypernuclei 
is assumed to belong to this valley. Thus, for each of the above mean mass numbers, 
the stable nucleus with mass number close to the valley of stability is taken (Elton 
1959) and the B^ calculated for the corresponding hypemucleus is compared with 
the experimental upper limit. However, where there are two stable nuclei for a certain 
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Ttble 4. The predicted B^ values for the lower mean value of the mass 
number range of the core nucleus, (wherever, two hypemudei having same 
Ac appear in the first column, their average theoretical S^ value is given 
in the last column.) 
Predicted Predicted 
Experimental B^iMeV) B^{McV) 
upper limits of (using formula from exact 
Hypemudd A, B^flAe^ given by (3)) calculations 
• f a 35 21-9 16-5 17-7 
^Ca,^Ti 44 230 19-2 19-3 
'^Cr 52 22-5 20-8 20-3 
!fCu 65 22-8 22-7 21-6 
jfAs 75 23-7 23-7 22-4 
Table S. The predicted B,, values for the higher mean value of the mas* 
number range of the core nucleus, (wherever, two hypemudei having same 
A, appear in the first column, their average theoretical B^ ^ value is given 
in the last column.) 
Hypemudei 
J-Cu 
;'Ge 
VSe.VKr 
rZr.rNb 
rRh 
'i. 
63 
72 
80 
93 
103 
Experimental 
upper limits of 
flA(MeV) 
21-9 
23-0 
22-5 
22-8 
23-7 
Predicted 
B,(MeV) 
(using formula 
given by (3)) 
22-5 
23-4 
24-2 
251 
25-7 
Predicted 
BA(MeV) 
from exact 
calculations 
21-4 
221 
22-6 
231 
23-7 
mean A„ the average of the calculated B^ for the two corresponding hypemudei is 
regarded as the theoretically predicted value. The predicted B^ values for hypemudei 
with the lower mean values of the mass numbers of the core nucleus and the 
corresponding experimental upper limits on B^^ are presented in table 4. The 
corresponding results for the higher mean values of the mass numbers are shown in 
table 5. Some of these predicted values exceed the upper limit of B^. Thus, we may 
say that when the lower mean value of the mass number is assigned, the results are 
somewhat better. On this basis, we may suggest that the upper limits of B^ may be 
considered to belong to the lower mass number region rather than the higher mass 
number region. 
We have also predicted B^ of l^ 'O and "S and compared with the experimental 
values (Pile 1989; Bertini et al 1979), both by formula and by exact numerical 
calculations. The results are given in table 6. The result of \ ' 0 . as predicted by 
formula, is extremely poor. This may be taken as a warning that the formula should 
not be applied to very light hypemudei. We espedally note that the predictions of 
our formula for the light s- and p-shell hypemudei are very erroneous. 
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T«Me 6. The predicted B^ values, for J^ 'O and J^ 'S, using formula and from 
exact numerical calculations. 
Hypemuclei 
4. Conclusions 
/Ic 
15 
31 
Experimental 
BACMCV) 
12-2 
17-5 
Predicted 
BJMeV) 
(using formula 
given by (3)) 
1-5 
151 
Predicted 
B^(MeV) 
from exact 
calculations 
106 
16-6 
Due to the inappropriateness of the W-S potential to represent V^ for light 
hypemticlei, the semi-empirical formula is not valid for these. The analytical formula; 
with only one parameter, gives a semi-quantitative fit to the ground state data of 
medium and heavy hypemuclei. Most of the earlier analyses either use B^ data from 
emulsion studies which cannot be uniquely assigned to an individual nucleus or rely 
on lighter nuclei which have not yet approached the properties of infinite nuclear 
matter. In these respects, our estimate of D,^ = 3005 MeV can be considered to be 
more reasonable. The fits to the data as well as the predicted values are quite good. 
For the spallation region, the lower mean value of A^ is to be preferred compared to 
the higher values of A^. 
Thus, the analytical formula developed can be used for estimation of B^ in the 
medium and heavy mass number region, but the choice of hypemuclei should be 
restricted to stable nuclei and those close to the stability line. Accurate fl^ data on 
heavy hypemuclei are going to be important for a better determination of /3^. 
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THE EFFECT OF DISPERSIVE ANN FORCES OH THE SPIN-DEPENDENCE 
OF AN POTEOTIAL 
/fesra Neelofer and /fchancad Shoeb, 
Departnent of Physics, AMU. Aligarh-202002. 
Ilecently, Bodtner and Usnani [13 have cade var ia r iona l 
Monte-Carlo (MC) ana lys i s of B. using Urbana type two-body AN 
potent ia l cons i s ten t with Ap sca t t e r ing along with three-body 
ANN forces. The inclusion of spin-dependent d i spers ive ANN 
force reduces the ^in-dependence (V ) Ijy - 1/3 of two-body 
AN force conpared t o the case where Wigner type ANN force i s 
introduced. 
Recently, Gal [2] derived the following forn for 
dispersive ANN in t e r ac t i on : 
V^ NN = « Y(^M>Y(^Az> fY(^A.)1^<^Ai) tT(r^^)(3cos^e ^^^-1)-1] 
Hl< »2)}(V9)T^.?^(o^.5^ + a^. s^^y , (1) 
where s^^= (a^+ a ^ ) / 2 . Y(r) = ( e ' ^ V n r ) (1-e ^^ ) . T(r)= 
[l+(3/x)+(3/x ')]( l-e ' '*^^ ) and X = Mr. Tl>e oUier synbols have 
tt ieir usual neaning. 
In t h i s br ie f note we report t t e prelinincury r e s u l t s of 
the effect of V?^ ( e q . l ) on t^ ^e V of AN p o t e n t i a l . Tlie 
A N N O 
space-excliange AN force contr ibut ion to tt>e energy i s also 
included as i t s e f fec t was found to be s ign i f i can t [3] .The 
two-body and three-body cor re l a t ions along with two-body NN 
potent ia l a re the sane a s given in ref. [1 ] . The prelijnijiary 
r e su l t s of s - s l ie l l hypemuclei , .H ,.H ( .H ) , .He ( .He ) 
and .He are given in Table I . The nulti-dixjensional 
integrat ions involved in the ca lcula t ions are perforced by 
standard MC technique [1 ,3] .The energy of the core nuclei i s 
( 3> 
the sane as in ref.[l]. The calculated nean values of V , 
V and V ' are slightly lower than corresporjting values 
given in Table 6b of ref. [1]. The behaviour of V^^ is 
repuls ive for .He, ^He, ^H but a t t r a c t i v e for ^^H and 
con t r ibu tes _ 152 to i t s energy. The core po la r i za t ion energy 
and the cont r ibut ion of spajce-exchange AN p o t e n t i a l for these 
sys tens i s aLoost the ssjoe as found in ref [ 4 ] . Hcfc?ever, 
fur ther ca l cu l a t i ons with d i f ferent three-body AHH and 
space-exchange AH corre la t ion functions needs t o be done 
before we nake any de f in i t e connent on the ef fec t of T. on 
\ ' 
This work i s being done in col laborat ion with 
Prof. M. Z. Rahman Khan, AMU, Aligarh and Prof. Q. N. Uscani 
J a n i a Mi l l i a I s l a n i a , H. Delhi. 
TABLE I 
Var ia t iona l MC r e s u l t s for energy of hypemuclei ( in a l l 
cases W=0.09 MeV, s=1.0, M=0.7fn^. c = 2.0 fn ) 
Hypemuclei V^ k^^ k^^ a <V^^> -E ± AE Points 
M e V fm fm M©V M » V 
^H -6 .26 0.08 0.27 0.25 -0.02 2.38i:0.02 60.000 
*H - ^He -6 ,19 0.12 0.37 0.20 0.0 10.49±0.C4 30,000 
*H*- ^He* -6 .13 0.09 0.31 0.10 0.38 9.34±0.04 30,000 
^He -6 .15 0.125 0,30 0.35 2.38 34.33±0.21 20,000 
V^^^=0.22 HeV, V^"*'=0.16 HeV, V^*'* '=0.18 MeV.( due to lack 
of space the v a r i a t i o n a l paraneters are not quoted) 
References : 
1 ) . A.R. Bodner and Q.N. Usaiani, Nucl. Phys. , A477 (1388) 
621,and references there in . 
2 ) . A. Gal, Invi ted t a lk a t the Dali tz Conference, Oxford, 
4-6 Ju ly 1990. 
3 ) . Mohd. Slioeb and Q.N. Usnani, DAE Synposiuii on ftacl. 
Phys . , Vol.328 (1389) 022. 
4 ) . H. Shoeb and Q.N.Usnani, Pr ivate Connunication. 
B-ShELL HYPEFNUCLEl fiND DISFEPSIKE SPIN-DEPEf'SSm fUt^^ENTmL 
A^^f FORCE 
1 1 J! 
Nasra Nselafer , Mc^ianmad Shoeb , Q. H. Usfnani ard 
M, Z. F^tman Khan 
1. Dspartment of Physics, A. h. U., Alxgarh-202OQ2, India. 
2. Lepartmsnt of Physics, J. M, J,, N. Delhi-110025, India. 
Recent l y , we had analysed / ! / , A-energy o f s - s h e l l 
h y p e m L c l e i us ing v a r i a t i o n a l Mcnte Car lo . (VMC) technique 
a long w i t h tine M e t r o p o l i s random walk method. The use o f 
d i s p e r s i v e , sp in -dependent , nor r -cent ra l AMvJ {W ) f o r c e / 2 / , 
compared t o \F. / 3 / reduces t h e mean va lue o f the 
A N N ^ 
spin-dependence (V , V and V ' ) i n ^ g n i f i c e n t l y . 
S i n c e , the na tu re o f d i s p e r s i v e ANN c o r r e l a t i o n employed 
e a r l i e r / I / i s n o t compat ib le w i t h the cho ice o f CN ' 
therefore, for threeHDody correlation (-T '^ ) a suitable form 
which simulates some features of S^ is chosen to analyse 
energy of s-shell hypemuclei; 
f^^^ = 1 - o C V'fr .)Y(r .) + Y(r .)V^<r .) ](3cos^e . -i), 
A N N lA 2A lA 2A 1A2 
where all the symbols have their usual meaning. Here we 
discuss the results of our preliminary analysis. 
For AN potential, as earlier /!/, we use central, 
spin-dependent, Urbana-type exchange (e =0.25) potential 73/; 
V. = (1 - e -t-eP )CV - (V - i V„(a. .S )) T1 ] , 
A N X C 4 cr A N rr 
c o n s i s t e n t w i t h Ap s c a t t e r i n g srvi f o r the M'J p a i r a l o c a l , 
c e n t r a l , s p i n - i s o s p i n independent , Maf l i e t - T j c n type 
p o t e n t i a l / 3 / i s used . The two-body c o r r e l a t i o n s a re 
c a l c u l a t e d f o l l o w i n g t h e procedure i n r e f . / 3 / . The standard 
VMC technique 73 ,4 / i s employed f o r c a l c u l a t i n g the energy o f 
s - s h e l l h y p e m u c l e i ; ^ H , t n - t H e , t H * - t H e * and ^He (Table I ) 
A A A . A A A 
and energy is minimized vjith respect to variational 
parareters. There are (Tiariy equivalerit minima. We gi^ /e the 
result in Table 1 for one set. (V> increase in the calculated 
* (Ki5sn va lue o f V "* and v ' *'"* i s observed by us inq T. , 
a n Jwu 
compared t o t he va lues qtotEd i n our e a r l i e r work / ! / . The 
{ 3> 
c a l c u l a t e d mean v a l u e o f V , hcMeNpier remains trKzhanged. TTie 
behavicxir o f VT i s found t o be r e p u l s i v e , except f o r H, 
where i t i s a t t r a c t i v e . The core p o l a r i z a t i o n energy and the 
c c n t r i b u t i o n o f space-exchange AN p o t e n t i a l f o r these systems 
i s a ld ios t t he satne as found i n r e f . / 5 / . 
T « L E I 
VMC r e s u l t s , a t l ,O0,O00 p o i n t s , f o r energy o f h y p e m u c l e i 
(W = 0.066 MeV, C = O, s = 1.0, u = 0 .7 fm" , c =2 .0 f m " ^ ) . 
The v a r i a t i o n a l parameters a, c and R f o r AN and M^ p a i r s , 
f o r a l l the h y p e m u c l e i cons idered, are same as i n r e f . / 3 / . 
Hypemuclei 
A" 
> - > 
A"*- > ' 
°He A 
V 
A 
M e V 
- 6 . 2 6 0 
- 6 . 2 0 0 
- tb . l ia 
-^b.l5 
»^AK 
fm-* 
o.oa 
0 .12 
0.09 
0.125 
k 
NN 
fn,-* 
0.27 
0.31 
0-31 
0 .30 
a 
- 0 . 0 5 
0-05 
0 . 0 
- 0 . 1 0 
A N N 
M e V MeV 
-0 .012 2 .36+0 .02 
0 . 0 10.48+0.09 
0.362 9 .37+0.03 
2.104 34.35+0.16 
V^^*= 0 .22 MeV, v ' * ^ = 0.20 MeV and v ' * ' " * *= 0.246 MeV. 
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Abstract. A semi-empirical formula is presented which gives a semi-quantitative account of 
the excitation energies in A-hypernuclear excitation spectra. Many elaborate studies made 
were numerical, but our studies yield an analytical expression. Different three-dimensional 
harmonic oscillators for the A- and the neutron-hole reproduce the observed energy spacings 
fairly well. However, it would be misleading that the oscillators give the wave functions of the 
corresponding states also. In the light of harmonic excitations, we briefly discuss some 
phenomenological and microscopic A-hypcrnuclcar calculations. 
Keywords. Semi-empirical; A-hypernuclcar excitation energy; hypcron-nucleon interactions. 
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1. Introduction 
A-hypcrnuclci has been studied extensively over the last three decades. In the last 
decade, the strangeness exchange reaction (K~,n') on nuclei has played a central 
role in hypernuclear spectroscopy. These reactions are characterized by small 
momentum transfer and are effective in producing substitutional states in which A 
has the same orbital as the neutron it replaces. They populate preferentially states 
of low angular momentum. In {K~,K~) spectra of medium and heavy nuclei, the 
states corresponding to deep-lying hyperon orbitals are generally not observed. 
Recently, the associated production reaction (;r *, K *) has been found to be effective 
in populating the deeply bound A-single particle levels in heavy hypernuclei. For 
nuclei over a large mass number range, A-single particle states have been obtained' 
by this method [1-3]. 
Some of the earlier A-hypernuclear spectra were analysed by Bouyssy [4] who 
gave an apparently satisfactory account of the then available data by assuming pure 
particle-hole states in a single particle A-nucleus Woods-Saxon (WS) potential with 
an empirical term giving the nucleon, rather the neutron-hole spin-orbut splittings. 
A residual interaction was assumed which enabled removal of degeneracy of the 
different J-values resulting from the configurations. This made it possible to assign 
the J to the given state. At about this time, an alternative approach was adopted 
[5-7] to describe the states observed in the reactions as a coherent sum of particle-
hole states designated as analog and supersymmetric. At that time, it was felt that 
the angular distributions would decide between the pure particle-hole states of 
Bouyssy [4] and the mixed states considered by Dalitz and Gal [5] and others. 
With the analysis of the angular distribution, the matter seems to have been decided 
definitely in favour of the mixed states [6,7], but that is not our concern here. 
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Without the slightest prejudice to the accepted nature of these states, we find that 
the A-hypernuclear excitation energy over the whole range of mass numbers can be 
described fairly well as the combined excitation of a three-dimensional harmonic 
oscillator describing the A and another, the neutron-hole (/V )^ along with a suitable 
spin-orbit potential for the N,,. We do not suggest even obliquely that the oscillators 
give the corresponding wave functions, but the fact remains that they certainly give 
a semi-quantitative account of the energy spacings. The frequency of the A-oscillator 
is described by two adjustable parameters and that of the A\ by a single parameter 
only. Another adjustable parameter is for the spin-orbit splitting. The oscillator has 
been broadly mentioned in the context of the spectra, but no one seems to have 
performed such calculations earlier. However, besides Bouyssy [4], Dalitz and Gal 
[5], many numerical calculations have been carried out which gave a good account 
of the binding energies, cross-sections, angular distributions etc. A-single-particle 
energies have also been successfully analysed in the Skyrme Hartree-Fock approach 
in-terms of A-nucleus potentials [8] and taking three-body ANN force [9] into 
account. A comprehensive review of A-single-particle states produced in (K~,n~) 
and {K*,K*) experiments has been given by Bando et al [10]. Many elaborate 
calculations discussed are numerical, whereas the present study is analytical, although 
more approximate. 
As most of the data used here is obtained from the diagrams given in the literature 
and also as experimental errors in all the binding energies considered here are not 
available, we have assigned a plausible value to experimental errors to construct what 
we call the simulated chi-squarc (x^). This has been done simply to provide a criterion 
for adjusting the parameters and judging the quality of the fit. 
Wave function notwithstanding, Bouyssy [4] was able to give a satisfactory account 
of the energy spacings by performing numerical calculations with his potential. Our 
work is broadly in the spirit of Bouyssy and the other workers, except that we confine 
ourselves to predicting the energy spacings. Use of the oscillators gives us an analytical 
expression, though certainly somewhat crude, for the energy spacings. It is clear that 
the fair amount of success achieved here should not be taken as any indication of 
the correctness of Bouyssy's philosophy of pure particle-hole states. Our objective is 
very limited, i.e., to give a semi-empirical formula for the energy spacings of the 
observed spectra. The analytical expressions, though approximate, enables one to see 
some dependences. 
The quantum numbers of the outermost neutron orbit, required for the calculation 
of the energy spacings, as given by (13) in §3, are taken to be those given by the 
standard shell model sequence of the single-particle states. The successive excited 
states are obtained by varying the quantum numbers of the two oscillators and these 
are listed in table 1 to enable a quick check to be made on the calculations. 
2. General hypernuclear excitations 
The picture required for our limited purpose has already been mentioned in the 
introduction. This is the basis of the calculations leading to the semi-empirical formula 
for the energy spacings. We do not take this picture literally. It is useful to us in so 
far as it gives a fairly good account of the observed spectral energy spacings. 
In general, we assume that the hypernuclear spectra arise from A- and Af^ -excitations 
in their respective harmonic oscillator potentials. Thus, the excitation energy of the 
hypernucleus can be considered to be the sum of A- and the .V -^ excitations. The 
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A-excitation is measured from the ground state of A-particle, while the Nh-excitation 
from the topmost occupied neutron level where a hole corresponds to an unexcited 
core. The sum of these two quantities is the total excitation energy of the system. 
The A-excitation energy £* is given as 
where E^, is the energy eigenvalue of the A-3-dimensional isotropic harmonic oscillator 
corresponding to (n/)-state. It is given as 
£n,=(2«^ + /^-iK"^^, (2) 
where M^= 1,2,3... and /^ = 0,1,2...; E^Q is the oscillator ground state energy 
corresponding to M^  = 1 and /A = 0. The A-oscillator frequency [11] is taken to be 
of the form 
^ ' ^ A = Q , ^ ; " ' - c , , / j r ^ ' \ ' (3) 
where Q i and 0^2 ^^e parameters to be fixed from analysis of the data. 
As the spin-orbit splitting for A is known to be extremely small [4] it is not taken 
into consideration. Consequently, the A-energy is labelled by (nl) only. However, 
spin-orbit splitting has to be taken into account for N^, the energy of which is. 
therefore, labelled by {nlj). 
Employing a 3-dimcnsional isotropic harmonic oscillator for the /V^  as well, its 
excitation energy can be written as 
£ • = £ - £ (4) 
where (/ii'i7i) represents the topmost oscillator orbital occupied by neutrons and 
{n^liji) is the oscillator orbital which is actually occupied by the N^. Wc have 
£„,. = (2« + / - i)/.a;.,^ + ^,ij[j + 1) - /(/ + 1) - 1 ] 
N.W'>J^)dT. (5) \KM) K'^ . 
where ^„i(r) is the harmonic oscillator wave function and the N^ spin-orbit potential 
is cjiosen, for convenience, to be of the form 
where the radial dependence of the N^ spin-orbit potential is taken to be of the form 
3(,) = _ ^ e x p [ - ( r V 2 i ? ^ ) ] , (7) 
where R = r^Al'^,r^ being a parameter fixed at a fairly reasonable value of lOfm. 
Small changes in r^ necessitate changes in i?^ without spoiling the fit. The surface 
peaking of ^(r) is in accord with well established ideas about the spin-orbit potential. 
For harmonic oscillator wave function and V'^Jr) given above, eq. (5) reduces to (for 
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n = l ) 
(8) 
where R,= 
E„,j ^[2n + l- i]ftcu^^ + \JU + 1) - /(' + 1) - f]0^, 
^ r ;i(n-l)!(/ + 2)!rg - | f / n + i - i Y | 
2R^ + bl , r h T'^ . - , . , . , . . . 
\ fc„ = and tJ^  IS the Nt, spin-orbit strength ^R'bl 
which will be treated as an adjustable parameter. For n = 2, rest is same as given by (8) 
but the expression within the curly bracket in (8) is 
(9) 
The oscillator frequency of the N,, is taken to be of the same form as given in the 
literature for the neutron oscillator frequency [12] 
f'<^s.-C,^'K"' ~ ^ \ h » ' ^ f • (10) 
with Cfj^, = C^, — df^^ and C^ j^ = C^j - d^^, where C^, and C^j are parameters for 
the neutron given in the standard literature [12]. These have been obtained by fitting 
the r.m.s. radius of the nuclei. Since there is no apriori reason to assume that the 
values of the parameters for N^ and the neutron are same, we take df/^ as an adjustable 
parameter. 
Thus, excitation energy of the A-hypcrnuclcus (measured from the ground level) 
can be written as (for w, = n^  = I) 
= [2n^ + 1^- 2Vio)^ + [(2«, + / , ) - (2n, + l,)}hw^^ + tJ"; 
in, - l)!(/i + 2)![;.(y\ + l ) - ^ ( / , + ! ) - ! ] i(n, + l,-
^( ( , + 3)W2'>+3)l 
i \ 2 
2 
(n^  - l)!(/2 + 2)! U2(J2 + 1) - M': + 1) - j ] I / "2 +'2 
<'*^'M„^^'*^'r(n, + /, + i) 
1 \ 2 
" 2 - 1 
(11) 
For either n, or 2^ = 2, their respective expression within the curly bracket, in the 
above equation, should be replaced by (9). At the expense of some additional small 
error, we could have used, for the N^ spin-orbit splitting, the simpler formula for the 
nucleon spin-orbit splitting given in the literature [13] 
A£"=l-4V"^(/ + i ) / i ;^ '^ (12) 
Thus, the excitation energy E* (using (12)) may be written as: 
E* = [2/1,, + l^~ 2-]ha)^ + [(2«, + /,) -(2/1; + /2)]ft«v, + 0-7V'^^A;"' 
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-CH:(/.-i)-('2+l^,„, + i , ] x ( l - V ] . (ID 
3. Results and discussion 
Using (11), we carry out x^-fitting of all the available excitation data over a large 
range of mass numbers assuming a certain fixed percentage error for all the nuclei 
considered. The x^ is defined to be the quantity 
?[ AQ'^-ii) . 
where the experimentally quoted value is taken to be Q"'' ± AQ"'', the summation 
extending to all the data points. AQ"'' is chosen to be an average percentage error 
of 5% for all the nuclei. This seems quite realistic. Here the value of x^ is not to be 
taken as justifying the above picture which is over-simplistic, as already indicated. 
The value of the simulated x^ should be taken only to convince that ours is a semi-
quantitative formula for the spectral energy spacings. Our input data consist of the 
spectra of the hypemuclei, *Li, ;;Li, ^Be, '^C, '^C. '*0 . ^>1, ^«Si, ^^S. *°Ca, 
'j^ V, '^Y and "»Bi. 
Keeping Q , and C^j fixed at their respective values given in the standard literature 
[12], ;if^ -fitting of all the available hypcmuclear data treating C^,, C^^. d^.^ and tj'^ ^ 
as adjustable has been carried out. The results are given in table 1. The best fit 
parameters, for AQ^" taken as 5%, are C^, = 38-684McV, C^^ = ^'^'^'^'^cV, 
dy^= - 19-479 McV'and iJ'^^= - 4-467 McV, giving total x^ =49-78 for thirty two 
data points. With our limitation it is justified to regard this as a semi-quantitative 
fit. If we use (IT) we get more or less similar results, with x^ = 59-86. So. we may 
use the simpler formula, at the expense of a small increase in the total x'- The best 
fit parameters in this case are C^^ = 38-356 McV, C^^  = 33-877 MeV, d^^ = 25-418 McV 
and V'^ 18-037 MeV. Our spin-orbit splitting for /V^  is comparable to that for ordinary 
nucleons in conventional nuclear physics obtained from nucleon-nucleus scattering, 
etc. 
We employ Bouyssy's notation for the ground state only for the purpose of getting 
the level-spacing with respect to the ground state energy and then the successive 
excited states are obtained by varying the quantum numbers. The task is easier if 
the somewhat more approximate formula (11') is employed. 
The results are given in table 1. For the hypemuclei studied in this work, all the 
excitation energies up to the highest value observed for that nucleus are calculated. 
Transitions marked by an asterisk do not involve any yV^  transition in our picture 
of the oscillators. It is seen that many levels have not been observed in the experimental 
spectra. Such a situation is well-known. We may point out that relatively a smaller 
number of the starred states is not observed. Possibly some of the unobsened states 
have merged out to produce the neighbouring state observed in the experiment. We 
note that in most cases, the first excited state arises from pure A-excitations, but in 
two of our cases (i.e. '^O and *°Ca), the first excited state arises from neutron-hole 
excitation. In \*0 the hole transition is lp,,j->lp3 j and in "'"Ca it is Id^ i"*"^^!/!-
In passing, we may mention that the simulated /- would be reduced by about 4 if 
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the observed excitation of 21-5 MeV for ^Li is identified with the third rather than 
the second excited state. 
In *°Ca, 15 excited states have been calculated (only 10 are shown in the table). 
The energies of the 15th predicted and the observed excited states are 3094 MeV and 
31-50 MeV, respectively. In ^°'Bi, only one state has been observed and on the basis 
of our calculations it is the 38th excited state. Remembering that the energy resolution 
is about 3 MeV, it seems that almost all of these states have been averaged out because 
of their close spacing. Therefore, such levels as arise from spin-flip etc. or where the 
single-particle states are too close are all washed out giving an average distribution 
in accordance with observations. Further, since the deep hole states are highly excited, 
these have a large width. Consequently, these are almost completely washed out 
giving a smooth cross-section. Thus, whereas ia{K~,n~) reaction giving *°Ca some 
structure corresponding to rather deep holes is observed, the cross-section is completely 
smoothed out where the same nucleus is produced in (n*,/C*) reaction. 
Since in the region of heavy nuclei, for most states, the spacing is very small, and 
since our formula gives the energy spacings with an error of a little over 1 MeV, it 
follows that the formula would be useful for nuclei ranging from light to medium-heavy 
but generally not as useful for very heavy nuclei like Bi. In the region where the 
neutron sub-shells are bunched rather closely or those hypjcmuclei of the Ip-shell in 
which the outer-most neutrons are in the Ip-shell, one should expect that the neutron-
hole excitation would occur at a lower energy than the A-excitation. So, one expects 
that for these hypcrnuclei, the first excited state arises from neutron-hole excitation 
only. However, for reasons given above, this only makes sense if the hypcrnuclcus is 
not too heavy. The situation in ' * O and *° Ca is according to the above expectations. 
4. Prediction of pure A-€xcitations from some hypernuclcar ground state calculations 
For states of pure A-excitations, i.e. those in which the /V,, is in the topmost occupied 
orbital, the A-binding energy in an oscillator orbit {nl), denoted as (BAL- ^^V ^ 
written as 
{B,0„, = {B,0, + L2-(2n + l)Vrco^, (13) 
where (B^)^ denotes the ground state A-binding energy and h(o^ is the A-oscillator 
frequency. 
It can be easily seen that the condition for having only one bound state in the 
A-nucleus potential is 
( B J , < ; I W A - (14) 
In microscopic calculations, the wave function may be regarded as a superposition 
of several oscillator states. However, if crudely, the A is assigned a pure oscillator 
state of a certain frequency oj^' the latter may be obtained by equating the expectation 
value of the kinetic energy to jhoj^. Variational Monte Carlo calculations [14,15] 
of B^, from which cj^ can be extracted in the above manner, are available to us for 
^H, *H. "^ He, ^He and 'Be. It can be easily seen from the value of our parameters 
that the distance between the neighbouring iV -^shells is always larger than that between 
the A-shells. Therefore, it is predicted that the first excited state in all Is-shell nuclei 
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shall be a pure A-excitation. In Isj^^-shell, -/Vi,-transition seems to have no meaning. 
We can easily see that for the Ip-shell nuclei having nucleons up to Ipj^ -^shell only 
but not in the Ipj^^-shell the only N^-transition can be from Ipj,^-* ISj^j. From the 
simpler formula (11') it can be easily seen that for all these nuclei the yv^-transition 
energy is certainly larger than the pure A-excitation energy. Further, for Ip-shell 
nuclei having nucleons in the Ipj^ ^-shell as well, the lowest Nh-transition is Ip,^j -»Ipj^j 
and this energy is also larger than that of lowest pure A-excitation. Therefore, the 
lowest excitation for all the nuclei is the A-excitation i.e. the excitation energy is fto;^. 
However, the excitation data are available only in respect of'Be which is a Ip-sheli 
hypemucleus. Thus, the first excited state arise from pure A-excitation. The value of 
hcof, extracted from microscopic calculations satisfies inequality (14) above in accordance 
with the observation in that this nucleus has only one bound excited state. 
Results of Ip-shell phenomenological calculations of Shoeb and Rahman Khan 
[16], using oscillator wave functions, and employing, in addition to the two-body 
AN force also a three-body ANN force, are consistent with the above predictions in 
all the cases for which the data are available and for which the calculations were 
carried out. Two of the four gaussian AN potentials, along with the three-body ANN 
force, employed by Ansari et al [17] are also consistent with the predictions. A 
comparison with the work of Mujib et al [18] brings out the significance of three-body 
ANN force in this context. 
The predicted values of Aa>^  from empirical relations, Aa>^  = 60/4^" '^-', given by 
Auerbach and Gal [19]; hoi^ = 27 AJ "•', given by Bouyssy [4] and Aoj^  = C^, AJ "^ -
C j^/4^" '^-' used by us arc not very different for medium and heavy nuclei, but arc 
markedly different for light nuclei. It, therefore, follows that spectral studies of light 
nuclei would help in discriminating between the various formulae for ftw^. 
5. Conclusion 
A semi-quantitative formula, giving the energy spacings of the A-hypemuclear excita-
tion data over a large mass number range, is presented. However, the simple picture 
of the oscillators employed for the purpose of giving the semi-empirical formula is 
not close to reality, although it might well turn out that by inclusion of a residual 
interaction and some alteration in the value of the parameters, it might get us quite 
close to the more realistic situation. We entertain this hope because the agreement 
achieved cannot be entirely fortuitous, but such conjectures are not crucial for the 
justification of the work reported here. The picture is used only to obtain a semi-
empirical formula to account for the observed spectral energy spacings. Our formula 
seems to be satisfactory for light and medium nuclei and perhaps not useful for 
heavier ones. 
The idea of harmonic excitation allows us to make reasonable predictions about 
the excited states from microscopic or phenomenological calculations of hypernuclear 
ground states. 
It is pointed out that study of light nuclei is likely to be more useful for discriminating 
between the various empirical formulae for fto;^. The same should apply to formulae 
for ftoJvh- Our formulae show that the level spacings due to pure A-excitations as 
well as due to N^-transition get smaller and smaller with increasing mass number. 
This is, indeed, what one expects on general grounds and this is responsible for the 
smearing out of the spectra rendering formulae like ours almost useless. 
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ABSTRACT 
Most of the work presented in th i s t he s i s i s 
phenomenological. Though a number of microscopic and 
semi-microscopic calculations have been carr ied out and 
reported, yet these are limited t o only a few hypernuclei due 
to large computer time required even on super-computers. 
Phenomenological calculations, if carried out carefully, are 
usefiiL in giving general t rends correct ly. With th is 
objective in view, we have carried out severa l 
phenomenological invest igat ions. 
The thes i s cons is t s of nine chapters . Chapter 1 
p re sen t s a broad survey of some experimental and theore t i ca l 
calculations given in the standard l i t e r a tu re of hypemuclear 
physics. In chapter 2, we have obtained a single-parameter 
semi-empirical ground s t a t e A-binding energy (B^) formula for 
medium and heavy hypernuclei. This formula, obtained using 
charge distribution, distinguishes between nuclei with the 
same core mass number but different number of neutrons and 
protons. A reasonable f i t t o the available B^ data i s 
obtained. 
Similar formulae, obtained using mass, r a the r than the 
charge distribution, are presented in chapter 3. These 
formulae, without any additional parameter, provide a b e t t e r 
f i t to the B. data of medium and heavy hypernuclei. From the 
analysis of the B. da ta i t i s found tha t medium and heavy 
( i i ) 
hypernuclei a re not very sens i t ive t o the changes in the AN 
force range. 
The semi-empirical formula, given in chapter 4, for 
the A-binding energy difference between hypernuclear i sobars 
leads t o the finding t h a t light hypernuclei a re b e t t e r sui ted 
than heavier hypernuclei for obtaining information about the 
possible presence or otherwise of a charge-symmetry-breaking 
component in the effective AN force. 
Earlier, no semi-empirical formula existed for B. of 
light hypernuclei. In chapter 5, we obtain a semi-empirical 
formula, valid for light hypernuclei. I t gives a reasonable 
account of the ground s t a t e B^ data and a t the same time 
provides useful information about excited s - s t a t e s . 
In chapter 6, we obtain a semi-empirical formiila, t h a t 
gives a fairly good account of the A-hypernuclear excitat ion 
spect ra over a wide range of mass numbers. The formulae for 
the A as well as the nucleon osc i l l a to r frequency have been 
obtained from an a l t e rna t ive consideration in chapter 7. 
A phenomenological calculation has been carried out in 
chapter 8 which throws some light on the significance of the 
core size and relevance of the effect ive three-body ANN force 
for B. calculations. 
Chapter 9 deals with semi-microscopic calculat ions of 
A-binding energies of .H, .H, Aie, ^He and spjji-flip excited 
s t a t e of .H and .Ee, using the var ia t ional Monte Cai-lo 
( i i i ) 
t echnique . The e f f e c t of Gal's d i s p e r s i v e t h r e e - b o d y ANN 
fo rce on t h e AN spin-dependence i s found t o be q u i t e 
s igni f icant . 
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I 
C H A P T E R 
BROAD SURVEY OF THE STANDARD LITERATURE 
Introduction : 
Hypernuclear physics i s usually considered to have a 
two-fold object, i .e. t o gain information on the 
hyperon-nucleon in te rac t ion and consequently t o use hyperon 
as a probe for inves t iga t ions of nuclear s t r u c t u r e . The 
hypernucleus i s a bound system consist ing of nucleons and a t 
l e a s t one hyperon and/or baryons with o the r flavours (charm, 
bottom and top). The A-particle being the l igh tes t s t range 
baryon (i ts mass, m.= 1115.6 MeV, exceeds the mass of nucleon 
by l e s s than 20%), having spin-par i ty J = - , isospin 1=0, 
s t rangeness quantum number S = - 1 , behaves in the nucleus, 
very much like a neutron except t h a t A i s heavier and has 
s t rangeness . However, i t has the added advantage t h a t i t i s 
d is t inct from the nucleon so t h a t one i s saved the t rouble of 
carrying out anti-symmetrization. I t i s s tab le against the 
s t rong decay, both as a free par t ic le and inside nuclei. As a 
free par t ic le , i t decays dominantly in to a nucleon (N) and a 
pion via the s t rangeness nonconserving weak decay mode, 
—1.0 * 
A > N + IT, with a l i fe t ime of 2.6 x 10 s, wliile xnside 
nuc le i an add i t iona l weak decay mode i s A + N > 2N, wJ:u.ch 
chief ly de te rmines t h e l i fe t ime of t h e A - p a r t i c l e in 
hypemuc le i , e s t i m a t e d in heavy hype rnuc le i t o be of t h e same 
—lo 
order of magnitude as for free decay i.e. 10 s. Thus, 
A-particle bound t o a nucleus t u rn s out to be an in t e re s t ing 
3 
probe of nuclear p roper t i es . 
The heavier hyperons, 2, '^— ' and O , decay in nuclear 
medium via s t rangeness conserving s t rong in te rac t ions in to 
nucleons and A-part icle. This makes the study of Z, \ — " and 
O hyperon quite difficult. The existence and s tab i l i ty of I^  -
hypernuclei has been a subject of in tensive inves t iga t ions 
and i s s t i l l an unse t t l ed exciting problem. Recently, t he re 
has been some experimented evidence of a bound 5: - s t a t e 
with a reasonably narrow width which gives a fur ther boost t o 
the study of Z - hypernuclei. Due t o scarc i ty of available 
data on E- and —^ ^ -hypernuclei, not much work has been done 
to ex t rac t information about ZN or [ — N in terac t ion . Here, 
we shall be concerned only with A-hypernuclei. 
We have carr ied out severa l inves t iga t ions . One of 
these i s obtaining phenomenological semi-empirical ground 
s t a t e A-binding energy (B^) formulae for medium and heavy 
hypernuclei, s t a r t i n g from the folding model using charge 
dis tr ibut ion with N-, Z- dependent parameters , where N and Z 
stand respect ively, for the number of neutrons and protons. 
2 3 
Compared to o ther similar formulae ' , t h i s one dist inguishes 
between nuclei with the same core mass number (A ) but with 
different N and Z, However, th i s difference i s not t h a t 
arising from the possible presence of any 
charge-symmetry-breaking component in the AN in te rac t ion but 
i s only due t o the difference in the charge dis t r ibut ion of 
such nuclei. The semi-empirical formula no obtained provirlo.s 
4 
a one-parameter f i t t o the available B. da ta (Chapter 2). 
Similar formulae are also obtained using mass r a t h e r 
than charge dis t r ibut ion. Without introduction of an 
additional adjustable parameter, t he se fonnulae provide a 
b e t t e r f i t t o the B. da ta than the formula obtained from the 
charge distr ibution. We may point out t h a t even good f i t s to 
the B. da ta do not necessar i ly guarantee t h a t one ge t s almost 
cor rec t A-wave function. Also, an analyt ical expression for 
the folded potent ia l i s obtained. We find in a crude way t h a t 
for heavy nuclei, the range of the AN force i s not determined 
by f i t t ing the B. da ta because small changes in the value of 
the range of the AN force can be of fse t by a very small 
change in the s t reng th of the force, i.e. on the basis of the 
analysis of medium and heavy nuclei the force range i s not a 
very well deterTnined parameter (Chapter 3). However, i t may 
happen t h a t light hypernuclei a re more sens i t ive to changes 
of the force range. So one may look in th i s region for 
get t ing a b e t t e r idea of the force range. 
I t may be pointed out t h a t in obtaining the potent ia l 
parameters , in ch. 2 and ch. 3, excited s t a t e data have also 
been used on the t a c i t assumption t h a t t hese s t a t e s a re 
simple exci tat ions in the given potent ia l . TMs i s an over 
simplification, but generally th i s course has been followed 
due t o scarc i ty of the data . 
The folded potent ia l fur ther leads t o the finding t h a t 
light hypernuclei are b e t t e r su i ted than heavier hypernuclei 
5 
fo r obta ining informat ion a b o u t t h e p o s s i b l e p r e s e n c e o r 
o the rwise of a cha rge - synune t ry -b reak ing component in t h e 
e f f e c t i v e AN fo rce (Chapter 4). 
One of t h e main mot iva t ions fo r ob ta in ing 
t h e o r e t i c a l l y r e a s o n a b l e semi-empir ica l formulae f o r B^ i s t o 
ob ta in a r e l i a b l e va lue of D*t t h e B^ va lue f o r i n f i n i t e 
n u c l e a r m a t t e r . The l a t t e r q u a n t i t y i s an impor t an t datum fo r 
t h e o r e t i c a l c a l c u l a t i o n s . 
No semi-empir ical formula t h a t can give t h e B. of 
l i gh t hypernuc le i e x i s t e d e a r l i e r . We have been able t o 
ob ta in a phenomenological formula f o r l i gh t hype rnuc le i which 
g ives a r e a s o n a b l e accoun t of t h e ground s t a t e B. d a t a a s 
well a s t h e s t a t u s of exc i t ed s - s t a t e s (Chapter 5). 
We a l s o ob ta in a phenomenological formula t h a t g ives a 
f a i r l y good account of t h e A - h y p e m u c l e a r e x c i t a t i o n s p e c t r a 
o v e r a wide range of mass numbers (Chapter 6). 
Ea r l i e r , formulae fo r t h e o s c i l l a t o r f requency of t h e 
4 rs 
A a s well a s t h e nucleon have been ob t a ined ' . Here, we 
ob t a in s imilar formxiLae from an a l t e r n a t i v e c o n s i d e r a t i o n 
(Chapter 7). 
A phenomenological c a l c u l a t i o n has been c a r r i e d o u t t o 
r e - i t e r a t e t h e impor tance of t h e c o r e s i ze f o r By^  
c a l c u l a t i o n s ' . I t a l s o th rows some Light on t h e 
s ignif icance of t h e e f f e c t i v e t h r e e - b o d y ANN fo rce (Chapter 
8). 
In t h e l a s t c h a p t e r (i.e. Chap te r 9), we p r e s e n t t a 
6 
semi-microscopic calculation. We calculate A-binding energies 
°^ A^' A^' A^®' A^® ^^^ spin-flip excited s t a t e of ^H and ^He 
hypernuclei using var ia t ional Monte Carlo technique and study 
g 
the effect of Gal's dispersive three-body ANN force on the 
AN spin-dependence, in the framework of Bodraer and Usmani . 
Most of the work presented in tJiis t he s i s i s 
phenomenological when admittedly, today, a g rea t many 
microscopic or r a t h e r semi-microscopic calculat ions a re being 
carr ied out in hypernuclear physics. However, despi te these 
e f for t s , re la t ive ly few hypernuclei have been tackled in th i s 
way t o - d a t e because of the tremendous computational 
diff icult ies and the large time requirement even on 
super-computers. For th i s reason alone, phenomenological 
calculations have some role t o play for many yea r s ye t . I t i s 
not as if phenomenological calculat ions do not a t al l take 
into account any of the finer e f fec t s t h a t semi-microscopic 
Ccilculations are supposed to do. By f i t t ing the data , t hese 
calculations often simulate some of the important finer 
ef fec ts . Though phenomenological calculat ions can not 
generally be accepted as the final t heo re t i ca l r e s u l t s in 
nuclear physics and may even be misleading in some cases , 
ye t , if carefully car r ied out these a re useful in giving 
general t rends cor rec t ly and indicating o ther i n t e r e s t i ng 
s i tua t ions . So phenomenological calculat ions can be of some 
indirect help for microscopic or semi-microscopic 
calculations by indicating in t e r e s t i ng poss ib i l i t ies , e tc . 
7 
Phenomenological r e s u l t s a re generally t e n t a t i v e . They have 
t o be verified by microscopic or semi-microscopic 
calculations. Generally, with these object ives in view, the 
calculations have been carr ied out here. There i s no doubt 
t h a t the future belongs t o microscopic and semi-microscopic 
calculations. We give a quick review of some of those 
calculations in the l a s t sect ion of th i s chapter i.e. sec. 7. 
In the next sect ion (i.e. sec. 1), we give a brief 
review of some of the early experimented measurements of 
A-binding energies. There are many react ion p rocesses which 
produce a hyperon on the nucleon t a r g e t . Some of these a re 
making important contr ibutions to hypemuclear physics and 
some could be expected t o do so in future . Some of the modern 
methods of production of A-hypernuclei and measurement of the 
A-binding energy t o the nucleus are discussed in sec. 2. In 
sec. 3, we briefly introduce A-nucleus in te rac t ions in the 
folding model. In sec. 4, we give a brief review, mainly of 
the more familiar phenomenological t heo re t i ca l calculat ions 
of A-binding energies in hypernuclei. Sec. 5 p re sen t s a shor t 
note on hypernuclear spec t ra . Sec. 6 deals with A-binding in 
infinite nuclear matter . 
1. Discovery and Some Early Experimental Measurements of 
A-Binding Energies : 
Since the pioneering work of Danysz and Pniewski , a 
g rea t deal of work, experimental as well as theore t i ca l , has 
8 
been performed. Hypernuclear physics seems to be now in a new 
phase of development, as modern counter experiments for 
various hypernuclear production reactions are successfully 
providing new information on their structure. This is in 
contrast to the early stage when experimental means were 
limited to emulsion and bubble chamber. 
The first pieces of information obtained in nuclear 
emulsions gave a relatively rough idea of the B. of some 
light hypernuclei. In emulsion experiments, the B. values of 
the ground state hypernuclei have been determined exclusively 
from IT -mesonic decays. Since the nuclear recoil decreases 
with increasing mass number, individual measurements could be 
carried out satisfactorily only for light hypernuclei . In 
medium and heavy hypernuclei, only the upper limit of B. can 
be obtained from the observed decays accompanied by pion 
emission . The K~ interaction with Ag and Br nuclei in 
12 13 
emulsion ' produces hypernuclei in the mass number region, 
60 ^ A :5 100, which is known as the spallation region. One 
can only obtain an estimate of the average B. in this mass 
number range, which, however, provides a valuable piece of 
information for determining the A- binding in nuclear , matter 
(D.). One of the procedures to determine D. empirically has 
been to extrapolate B. from heavy hypernuclei to A >• o o , 
— 2 / 3 
assuming that B. is a linear function of A . The D^  value 
estimated in this way is 30 ± 3 MeV. There is no very 
strong reason to assume this particular dependence of B. on 
9 
A . This points to the need for developing more rel iable 
c 
semi-empirical formulae for B. . 
The experimental s tudies of hypernuclear decays are 
s t i l l limited, as they need coincidence measurements and 
hence high in tens i ty beams. 
2. Hypernuclear Production Reactions : 
15 
There are many reaction processes which produce a 
hyperon on the bound nucleon target. The reaction which have 
already been employed in experiments on nuclear targets to 
produce hypernuclei are : 
K~ N > A (S) IT" , K~ p > Z" IT"^  , 
K" P > zZ ^* I "T* N y A (Z) K"^  , 
p p > A (Z) p ' K"*^  (in nucleus-nucleus collisions), 
p p > K X (e. g. K N > A (Z) IT) and so on, x being a 
baryon. 
Some of the o ther reac t ions which may be used in near 
future to produce hypernuclei a re : 
IT" P > E" K* , r p > A (Z) K"*" , 
e p > A (Z) e ' p and p p > A A . 
Each of the above reac t ions has i t s own cha rac t e r i s t i c 
f ea tu re s . The momentum matching i s the most c r i t i ca l fac tor 
chara ter is ing the se lec t ive na ture of a process (Kinematical 
filtering). Here, we shall focus only on n(K ,ir )A and 
n(rr ,K )A reac t ions . 
Until recently, the s t rangeness exchango (K ,ir ) 
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reaction, s t a r t e d ' a t CERN and followed ' by 
Brookhaven, has been the most important experimental 
method ' for producing hypernuclei. The (K",TT~) reac t ions 
are exothermic (positive Q value) and are charac te r i sed by 
small momentum t r a n s f e r (<100 MeV/c ) compared to the Fermi 
momentum of the nucleons (270 MeV/c). If the momentum 
t rans fe r red t o the hyperon in a react ion i s very smaU 
recoi l less production takes place i.e. the produced hyperon 
has a large sticking probability t o the nucleus. Kinematics 
of such a process i s given in Appendix A. Thus, for light and 
medium nuclei, they preferent ia l ly populate s t a t e s of low 
angular momentum and a re effect ive in producing 
' subs t i tu t ional s t a t e s ' in which the A has the same orb i ta l 
as the neutron i t replaces . For heavy nuclei, the (K ,TT ) 
react ion becomes l e s s effect ive because the valence shel ls , 
lying preferent ia l ly towards the outs ide, have high angular 
momentum and the bound A orb i ta l s couple t o hole s t a t e s with 
consequently high-spin. In par t icu lar , high-spin hypemuclear 
s t a t e s , which are expected t o be weakly populated in the 
(K~,iT~) react ion, have not been clearly identified. Hence, 
these s tudies are not so very useful for the heavier 
hypernuclei. 
Also, deep-lying s t a t e s a re not populated in these 
react ions as the space-dis t r ibut ion of these s t a t e s i s peaked 
a t or near the cen t re and K , which has a small mean free 
path because of i t s large c ross - sec t ion , i s not able t o reach 
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these o rb i ta l s . Thus, the deep-lying s t a t e s a re also not 
significantly poptilated. 
Recently, (IT ,K ) reac t ions , performed ' a t 
Brookhaven, have emerged as a powerful and se lec t ive method 
to produce hypernuclear s t a t e s with the hyperon in a se r ins 
of s ingle-par t ic le orb i t s , thus , providing data on heavier 
hypemuclei (A ^ 90) and deep-lying o rb i t a l s , where the 
(K~,rr~) react ion i s l e s s effect ive. These (n ,K ) reac t ions 
fall in to the category of assoc ia ted production reac t ions . A 
common fea ture in al l assoc ia ted production of hyperons i s 
t h a t the react ion i s endothermic. This leads t o a large 
amount of momentum t r a n s f e r ( >300 MeV/c ) in (" ,K*) 
react ion which i s well matched t o s t a t e s of high spin. Thus, 
A has a measurable 'sticking probability ' only in high-spin 
configurations. The large momentum t r a n s f e r and high spin 
se lec t iv i ty of these reac t ions i s effect ive in populating a 
s e r i e s of s t a t e s in which the var ious bound A shell model 
orbitcils couple to the valence holes with consequently high 
spin . Thus, deeply bound hypernuclear s t a t e s , which wouJ.d 
preferably be more in the in te r io r , for medium and heavy 
hypemuclei, are more accessible by the (IT ,K ) react ion. 
Another significant difference in these reac t ions i s 
t h a t in (IT ,K ) react ion, K* i s produced which has a small 
c ros s - sec t ion for nucleon collisions and hence large mean 
+ free path. Unlike K or rr , which are strongly absorbed in 
nuclei, the K"*' i s weaJd.y absorbed and hence provides the 
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required signal for the occurance of the process . In th i s 
way, i t i s rich in information of nuclear s t r u c t u r e . 
Besides the cha rac t e r i s t i c s discussed above, the 
experimental environment for these two reac t ions i s 
significantly different . The available pion flux in a typical 
beam line i s a t l e a s t two orders of magnitude g r e a t e r than 
the avcdlable kaon flux. The puri ty of pion beam i s cdso 
superior t o t h a t of the kaon beam. Thus, the (IT ,K ) react ion 
and electromagnetic production react ion (from which da ta i s 
ye t to come) experiments done with different t a r g e t s , would 
hopefully yield more and b e t t e r hypemuclear measurements in 
the much l e s s explored region of heavy hypernuclei. 
3. The Folding Model : 
Folding models have been successfully used for many 
years to generate nuclear par t ic le-nucleus po ten t ia l s ' . 
The folding model has also been found useful for a 
phenomenologiacl analysis of nucleus-nucleus sca t t e r ing data 
in terms of some two-body effect ive in te rac t ion and the 
ground s t a t e density of the t a r g e t 
In the p re sen t work, we frequently make use of the 
folding model for generating the A-nucleus potent ia l . The 
folding potent ia l s e rves as the bas is of our der ivat ions of 
the phenomenological semi-empirical B. formulae. 
The folded s ingle-par t ic le A-nucleus potent ia l , V(r), 
i s obtained by folding a two-body AN in terac t ion , v ( | r - r ' |), 
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into the nuclear densi ty dis t r ibut ion P(r ' ) . The A-nucleus 
potent ia l in the folding model i s given as 
V(r) = J v ( | r - r ' | ) p ( r ' ) d r ' . 
It is seen that the volume integral of V(r) is equal to the 
product of the volume integrals of v(|r-r' |) and p(r'). The 
above further leads to the expression relating the mean 
square radii : 
2 2 , 2 
<r > = <r > + <r > , 
2 1 ' 
where <r > , <r > and <r > a re , respect ively , the mean 
square radius of the folded potenticil, the two-body 
in te rac t ion and the nuclear densi ty dis t r ibut ion. In addition 
to these , o ther relat ionships between the geometrical 
proper t ies of these d is t r ibut ions can be obtained. 
I t has been shown t h a t if r e a l po ten t ia l s a re 
generated by folding an effect ive density dependent two-body 
in terac t ion into the t a r g e t density, the folded po ten t ia l 
accounts quite well for the geometric cha rac t e r i s t i c s of the 
ZP 32 
rea l potent ia l ' . 
2P 
The effective in terac t ion , suggested by Myers on 
phenomenologLcal grounds: 
2 7 has been used in the folding model by Ahmad e t a l . t o obtain 
the density-dependent A-nucleus poten t ia l which 
sa t i s fac to r i ly accounts for the B. data of p-nholl nnd nomo 
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heavier hypernuclei. A density-dependent A-nucleus 
potent ia l , obtained in the folding model, making an 
explicit t reatment of the range, also reasonably explains the 
ground s t a t e B^ da ta of l ight hypernuclei. We obtain the 
A-nucleus folded potent ia l , as given in the l a t e r chapters , 
with reasonable choices of the density and the two-body 
A-nucleon in te rac t ion without densi ty dependence by adjusting 
the parameter or parameters . Fairly reasonable f i t s a re 
obtained. 
The folding model has been applied t o study the 
density dependence of the effect ive two-body in te rac t ion as 
given by the three-body force . In the folding model, taking 
cent re of mass and Pauli pair cor re la t ions in to 
considerations, they derive an expression for the three-body 
NNN in te rac t ion : 
W 
^ - P V ) | ( I - C J - ^ _ 
2 A o( 
"3<« = -^ -V , [c i -c j - i^ [ -^g ] ' ] , 
- i / a 
where C = 0.3 Vir/S, a = 0.99 A and W i s the s t rength . An 
expression for the effect ive two-body NN in te rac t ion v '(r) i s 
obtained : 
. . , ,>..<,,[ ,-_!a ,<r, {ci - c j - < i ^ [-^  ^ f } ] , 
where v i s the volume in tegra l of -v(r) and i s posi t ive . The 
density dependence of th i s effect ive two-body in te rac t ion i s 
due to the three-body force, provided v i s density 
independent. Thus, a t l e a s t a pa r t of the density dependence 
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of the effective two-body interaction arises due to the 
three-body force. SJjnilar conclusion can be drawn for ANN 
forces, as one would expect ANN forces not to be too 
different from the NNN forces. 
34 
Ansari et al. have pointed out that the three-body 
ANN force is an effective force which besides simulating 
other small effects compensates for elimination of the T. 
channel from hypernuclear calculations. 
*• A Brief Review of the Mcdn Theoretical Calculations of 
A-Binding Energy : 
Parallel to the experimental development, theoreticcil 
investigations have been directed to specific properties of 
the hypernuclei. Many phenomenological calculations of s-
shell and p-shell hypernuclei have been carried out. These 
are quite successful in giving useful information about AN 
interaction. The s-shell hypernuclei were analysed quite 
thoroughly by Dalitz and Collaborators for their binding 
energies in terms of AN interaction. Following measurement of 
Ap low energy scattering, i t was found that no reasonable 
model was capable of reproducing simultaneously the 
scattering and the B. values of all of the s-shell 
hypernuclei. Such models are found to overbjjid ^Ee. These 
difficulties and problems are mentioned at some length in 
sec. 7. 
Microscopic calculations for p-shell and other larger 
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hypernuclei using c l u s t e r Monte Carlo and c l u s t e r expansion 
methods are also in progress . The c leanes t case in the 
A-
p 3B 
p-shel l hypernuclei i s t h a t of yyBe which has been t r e a t e d 
in a (2a + A) model. Treatment of .C and .C i s difficult as 
1 3 
these have deformed core. However, .C has been studied by 
3B 
Bodmer e t a l . using effect ive in te rac t ion calculat ions. The 
most well known hypernuclei being studied using c l u s t e r 
expansion i s .0 . 
By calciiLating for nuclear mat te r and then using the 
local density approximations, one may do calculat ions for 
heavier hypernuclei. Excited s t a t e calculat ions a re also 
feasible. Some calculat ions of th i s type have already been 
done. However, fur ther p rogress in future will require 
advances in the many-body theory and the available 
computational r e sources . 
Earlier, a detai led phenomenologLcal study of p-she l l 
3P 
hypernuclei was carr ied out by Gal e t al . within the shell 
model framework. The e s sen t i a l criticism of the i r analysis i s 
made in the work of Mujib e t a l . and Shoeb and Rahman Khan . 
They found ' t h a t a charge-independent, cent ra l , s trongly 
spin and s ta te -dependent effect ive two-body AN poten t ia l of a 
reasonable range gives a fa i r account of the B^ da ta of l ight 
hypernuclei. Also a charge-independent, cent ra l , weakly spin 
and s ta te-dependent , effect ive two-body AN poten t ia l of a 
reasonable range, along with a zero range ANN force, i s quite 
adequate t o account for the observed B. of ttie p -she l l 
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hypemuclei provided a reasonable procedure i s adopted for 
taking the core size into account. 
2V 2B 
Ahmad e t a l . and M. Mian , making different 
assumptions about the range of the AN force, obtained good 
agreement of t heo re t i ca l binding energies with the 
experimental da ta mainly for light hypemuclei, usJjig a 
density dependent effect ive AN in te rac t ion in the folding 
model. The author, in collaboration with M. Z. Rahman Khan, 
has obtained folded po ten t ia l s using non-density dependent 
effective AN potent ia l . Tolerably good f i t s a re obtained. 
Mathematical manipulations of the folded potent ia l leads t o 
semi-empirical formulae for B.. 
Data obtained from (IT ,K ) and (K ,IT ) reac t ion 
4 0 
Studies have been successfully analysed by Millener e t a l . 
using a density-dependent and nonlocal A-nucleus potent ia l . 
I t i s apparent t h a t a var ie ty of AN and ANN poten t ia l s 
explain the B. data . However, fur ther work, including more 
new data may help t o decide between the different po ten t ia l s 
suggested. In th i s connection, i t may also be pointed out 
t h a t f i t t ing the ground s t a t e binding energy data i s no proof 
of the co r rec tness of the hamiltonian. Much more data besides 
the ground s t a t e binding energies are reguired. 
5. A Few Words About A-Hypernuclear Spectra : 
Description of the hypernuclear spec t ra are generally 
based on data for ground s t a t e configuration in which A i s in 
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a well-defined s -orb i t and neutron-hole in the orbi t occupied 
by the valence neutron. Excited configuration i s one in which 
e i ther the A i s in the higher s - s t a t e or in the lowest or 
higher p - , d-, f-, . . . . s ta tes or A i s in the lowest s - s t a t e 
while nucleons are excited into higher orb i ta l angular 
momentum s t a t e s . Other excited s t a t e s a re obtained when both 
the A and the nuclear core a re excited. 
Excited s t a t e s can be coherent combinations of such 
A-particle neutron-hole s t a t e s . These exci ta t ions are mi^ed 
by the residual two-body in te rac t ions . Since any nucleon in 
the nucleus can be transformed into a A, collective coherent 
e f fec ts can give an enhanced c ros s - sec t i on for the pa r t i cu la r 
s t a t e in which a nucleon i s transformed into a A without 
changing the wavefunction. These s t a t e s which differ from the 
'parent' s t a t e only by the transformation, without any change 
4.1 
in the wavefunction, are called s t rangeness analog s t a t e s . 
These are Linear combinations of A-particle nucleon-hole 
excitat ions which p rese rve permutation symmetry of the t a r g e t 
s t a t e . The par t ic le-hole exci ta t ions t h a t form the analog are 
nearly degenerate in the s ingle-par t ic le approximation. Thin 
degeneracy i s removed by the res idual in terac t ion . Linear 
combinations of t he se s t a t e s become e igens ta t e s and have 
the i r energies up or down depending on the i r permutation 
symmetry and on the form of the in te rac t ion . 
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Dalitz and Gal pointed out existence of s t a t e s which 
are nonanalog having higher symmetry type for permutations 
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in t h e i r o r b i t a l wavefunct ion. They l i e cons ide rab ly below 
t h e energy o b s e r v e d o r expec ted fo r analog s t a t e s in t h e same 
conf igura t ion . 
In (K ,rr ) s p e c t r a of medium and heavy nucle i , t h e 
s t a t e s co r respond ing t o deep- ly ing o r b i t a l s a r e gene ra l l y n o t 
obse rved . The r e c e n t (n ,K ) s p e c t r a of A-hypernucle i , 
provide us with t h e d a t a on t h e deeply bound 
A - s i n g l e - p a r t i c l e l e v e l s in a range of medium t o heavy 
hypemuc le i . A s e r i e s of s t a t e s i s ob ta ined in which t h e A in 
v a r i o u s s h e l l model o r b i t a l s couple t o t h e va lence ho l e s . 
This s e r i e s s t r i k ing ly dominates o v e r o t h e r p a r t i c l e - h o l e 
combinations and g ive s r e l a t i v e l y simple s p e c t r a compared t o 
(K ,rr ) r e a c t i o n . 
6. A-Binding t o Infinite Nuclear Matter : 
The A-binding t o i n f i n i t e n u c l e a r m a t t e r o r t h e dep th 
of t h e A - p o t e n t i a l in t h e i n f i n t e n u c l e a r mediuni, D^, h a s 
been determined"** empilrically by e x t r a p o l a t i n g t h e p l o t B^ 
— 2 / 3 « 
v e r s u s A fo r known heavy h y p e m u c l e i t o A • oo . This 
empirical p r o c e d u r e i s b a s e d on t h e assumpt ion t h a t fo r l a r g e 
A , t h e A i s i n s ide an i n f i n i t e s q u a r e well of r a d i u s r^A 1 / 3 
Then BA i s a l i n e a r funct ion of A 
A c 
The empir ical e x t r a p o l a t i o n g ives t h e e s t i m a t e d D^ t o be 30 ± 
3 MeV. However, t h e va lue so e x t r a c t e d depends on tlve assumed 
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A - d e p e n d e n c e of t h e B . of h e a v y h y p e r n u c l e i . T h u s , i t i s n o t 
a c o n v i n c i n g d e t e r m i n a t i o n of D. a s t h e i n f i n i t e s q u a r e w e l l 
i s n o t r e a l i s t i c . One h a s t o g e t more p l a u s i b l e f o r m u l a e f o r 
B . i n o r d e r t o o b t a i n D . . 
The f i r s t s e m i - e m p i r i c a l f o r m u l a f o r B.^ i n t e r m s of 
D^> w a s gxven by Walecka , a s s u m i n g a s q u a r e w e l l p o t e n t i c i l 
h a v i n g a f i n i t e d e p t h f o r h e a v i e r h y p e r n u c l e i . A n o t h e r 
s e m i - e m p i r i c a l f o rmu la h a s b e e n g i v e n by Delof f , o b t a i n e d 
from an e x a c t s o l u t i o n o f t h e S c h r o d i n g e r e q u a t i o n , a s s u m i n g 
a Woods -Saxon AN p o t e n t i a l f o r h e a v y h y p e r n u c l e i . T h e i r 
fo rmula r e d u c e s t o t h a t of W a l e c k a ' s on p u t t i n g t h e 
d i f f u s e n e s s p a r a m e t e r e q u a l t o z e r o . Some u s e of D e l o f f s 
f o rmu la h a s b e e n made by D a s k a l o y a n n i s e t a l . They e x p r e s s e d 
B . i n a s e r i e s i n v o l v i n g i n v e r s e p o w e r s of A : 
., T^  h rr r , - 2 / 3 „ , - i „ , - 4 / 3 1 
B . = D. - —;r C A - C A + C^A - , 
A A 2m. [ _ o c i c 2 c J ' 
w h e r e t h e c o e f f i c i e n t s C. ' s i n t h e e x p a n s i o n a r e r e l a t e d t o 
t h e d i f f u s e n e s s p a r a m e t e r and vo lume i n t e g r a l of AN e f f e c t i v e 
i n t e r a c t i o n . A n o t h e r somewha t d i f f e r e n t a p p r o x i m a t e 
e x p r e s s i o n f o r B . , w r i t t e n a s a n e x p a n s i o n i n p o w e r s of A^ > 
4,0 
has been obtained by Daskaloyannis et al . A reasonable 
estimate of the parameters is obtained. D. is estimated to be 
2= 29 MeV. 
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Rahman Khan and Shoeb h a v e g i v e n a f o u r p a r a r n o t o r 
s e m i - e m p i r i c a l f o r m u l a f o r t h e B . a s : 
A „ z A 
A A , 2 / 3 A A , 1 / 3 
A c A 
c c 
2t 
and obtained a value of 31.6 MeV for D^. However, t he re i s 
considerable uncerta inty in t h e i r value as i t depends on 
whether the l a s t term, , i s included or excluded from 
A 
c 
the formula. From the folding model calculat ions, Ahmad e t 
al? es t imates a value of ^ 28 MeV for D., using a density 
dependent AN in terac t ion . Since B^ data of hoavior 
hypemuclei were not available then, only light and medi_um 
hypernuclei were considered in the i r analysis , hence the 
identif ication of the well depth with D^ cannot be considered 
as very rel iable. Moreover, none of the semi-empirical 
formulae seem t o distinguish between hypernuclei having same 
mass number but different number of protons and neutrons. We 
have given such formulae in th i s t h e s i s . 
Recently, Lalazissis ° has obtained a r a t h e r simple 
semi-empirical formula, though approximate, for the A-binding 
in various i s t a t e s . For 1=0, the formula i s valid for both 
Ught and heavy hypernuclei, wMle for ^ > 0 i t i s not very 
appropriate for heavy hypernuclei. The two parameters , D^ and 
r (both independent of A ) a re found to be 34.31 MeV and 
1.144 fm when a l e a s t squares f i t i s performed on the A 
energies in the s, p and d s t a t e s for 12 < A ^ 8 9. A v/eak 
state-dependence of the depth of the A-nucleus po ten t ia l i s 
also shown. This depth in the Ip s t a t e of a Bymmotrized 
Woods-Saxon A-nucleus po ten t ia l i s found t o be slightly 
smaller than the depth in the I s - s t a t e . However, as we now 
II 
know, the excited s t a t e s a re mixed s t a t e s and not the 
individual s t a t e s in any potent ia l . 
Some r e l a t i v i s t i c semi-empirical B. formulae have also 
been obtained ' . However, i t has been found t h a t the 
difference between the r e l a t i v i s t i c and the corresponding 
non-re la t iv is t ic B. values, for large A, i s usueilly very 
small. 
We wish t o point out t h a t plausible semi-empirical 
formulae for B* are especially important as they give the 
"empiriccil' value of D. t o be compared with the theo re t i ca l 
predictions. Thus, semi-empiriccil formulae i s a topic of 
considerable importance. 
7. A Brief Account of some of the Variational Monte Carlo 
Calculations of s-Shell Hypernuclei : 
The energy expectation values of s - she l l hypernuclei 
are calculated using var ia t ional Monte Carlo technique as i t 
p re sen t s a convenient way of evaluating multi-dimensional 
in tegra l s and gives essent ia l ly exact solution for small 
5 2 
systems i.e. A < 6. The methodology and some formulae 
re levant t o the Monte Carlo technique a re given in Appendix E. 
As mentioned ear l ie r , for many yea r s , the overbinding 
of ^He and also the inconsistency in the spin-dependence of 
the AN forces has posed a problem. Various explanations have 
been offered, as for ins tance the contribution of the ANN 
three-body in terac t ion , a va r ie ty of AN t enso r forces and a 
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charge-symmetry-breaking effect in AN in terac t ion . Some more 
fundamental approaches were developed in which A N > I N 
channel and various models of the exchanged mesons were 
discussed. However, the r e s u l t s of al l t hese approaches a re 
not conclusive. 
The hard core two-body AN centreil potentiail of Herndon 
Si3 9 4 4 
and Tang , cons is ten t with the B^ of -.H, .H, .He and low 
energy Ap sca t t e r ing data , overbinds ^He by about 3 MeV. 
Bhaduri e t a l . found t h a t AN po ten t i a l cons is ten t with low 
energy Ap sca t t e r ing gave the ground s t a t e B. for the "fHe 
about twice i t s experimental value, although »H binding could 
be approximately reproduced. This overbinding was suggested 
to be due t o the use of purely cen t r a l AN in te rac t ion and 
t h a t introduction of a s t rong t enso r force in the t r i p l e t 
in terac t ion may s t i l l reproduce the s ca t t e r i ng da ta but 
reduce the binding energy in AHe. Three-body repulsive ANN 
forces were also expected t o play an important role for these 
hypernuclei. Weitzner pointed out t h a t the binding energies 
of light hypernuclei could be accounted for with strongly 
repulsive ANN force and a two-body AN force without s t rong 
5<5 5 7 
spin-dependence. Gal and Bhaduri e t al. discussed the 
ef fects of ANN force in connection with sca t t e r ing da ta and 
the binding energy of s - she l l hypernuclei, respect ively . The 
contribution of the two-pion exchange three-body ANN force, 
obtained using S-matrix in the s t a t i c approximation, by 
Bhaduri e t al. in s -shel l hypernuclei i s subs tan t ia l . 
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especially in A ^ ^ ' """^  •'"'^  also shown t h a t s t rong 
spin-dependence in the two-body force i s not necessary t o f i t 
the B. da ta of s -shel l hypernuclei if ANN forces a re 
included. Bando and Shiniodaya found t h a t a recdis t ic ANN 
interact ion, charac ter i sed by a t e n s o r force, could reduce 
the overbinding of ^He by 2.4 MeV t o 1.4 MeV. 
Bodmer e t al. chose a cen t ra l Urbana type AN 
interact ion, cons is ten t with sca t t e r ing data , along with a 
strongly repulsxve Wigner-type ANN potent ia l , t o analyse B^ 
3 5 P 1 3 
data of ^H, y^ He, ^BB, ^C hypernuclei and also D^. They use 
var ia t ional methods for A = 3, 5, effect ive in te rac t ion 
calculations for A = 5, 9, 13, oo and also Fermi-hypernetted 
chain var ia t ional calculat ions for A = oo. I t i s found t h a t 
the strongly repulsive Wigner-type ANN forces reduce the 
overbinding of the hypernuclei significantly. For A > 5, a 
weakened p - s t a t e AN s t reng th i s also found t o reduce B. by a 
small amount. 
p 
Recently, Bodmer and Usmanx gave a s a t i s f ac to ry 
description of the B. of s -shel l hypernuclei, the A-well 
depth and also of the Ap sca t t e r i ng data , using 
phenomenologiocal, cent ra l , two-pion exchange AN and ANN 
forces and strongly repulsive ANN in te rac t ions ol dispers ive 
nature , with or without A-spin dependence. For s - she l l 
hypernuclei, var ia t ional Monte Carlo method i s used while the 
A-well depth i s calculated variat ional ly with the 
Fermi-hypernetted chain method. The ANN spin-dependence i s 
25 
rd 
shown to reduce the spin-dependence of the AN force by - and 
contr ibutes % - t o the 0 - 1 spl i t t ing of the A = 4 
hypernuclei. I t may also be s t a t e d t h a t the B^ of the nuclei 
considered i s s a t i s f ac to r i ly accounted for. 
B 
Recently, A. Gal has derived a dispers ive, 
spin-dependent, non-central form of ANN force. With th i s 
available new version of ANN dispers ive force, which has a 
form different from the one used in ref. 9 besides having a 
theore t i ca l bas is , we have studied i t s ef fect on the AN 
spin-dependence, in the framework of Bodmer and Usmani . 
These calculations a re repor ted in ch. 9. 
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A-BINDING ENERGY FORMULA FOR MEDIUM AND HEAVY HYPERNUCLEI 
BASED ON CHARGE DISTRIBUTION 
1. Introduction : 
Ever since the inception of A-hypernuclear physics, 
i t s main objective i s to ex t rac t information on the nature of 
A-nucleon (AN) in te rac t ion and t o explore the nuclear 
s t r u c t u r e using A-hyperon as a probe. Besides, A-binding 
energy (B^) and Ap sca t t e r ing data , A-binding energy in 
infinte nuclear mat ter (D.) i s considered t o be an important 
datum and may play a role in discriminating between the 
available AN potent ia l parameters . Therefore, 'empirical' 
determination of D. value unambiguously has been a t the focus 
of a t t en t ion almost since the early s ix t ies . Though seve ra l 
methods have been suggested for the determination of the 
l a t t e r quantity, but due t o the i r inherent l imitations and ad 
hoc nature , the information ex t rac ted about D. cannot be 
considered t o be very rel iable. Cri t ical analysis of some the 
ear l ie r work i s made in ref. 5. 
Using the i r semi-empirical formula, Shoeb and Rahman 
Khan , have calculated D. value to be 31.6 MeV. However, 
c ambiguity a r i s e s in D. value depending upon whether the A 
(where A i s the core mass number) term in the formula i s 
included or excluded. Using a density dependent AN 
in terac t ion in the folding model analyses , a value of 28.02 
MeV has been estimated for D.. Since, in the ea r l i e r 
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analyses, B^ data of heavier hypernuclei were not available 
then, the identif ication of the welL depth with D. i s not 
very reliable. Here, we shcQl be mednly concerned with 
determining D^ using the recent B* data of heavier 
hypernuclei and also t o obtain a one parameter analyt ical 
formiiLa giving a fairly good est imate of B^ for medium and 
heavy hypernuclei. Some a t tempts ' have already been made in 
the l a t t e r direction. However, t he r e i s a severe drawback 
t h a t they do not discriminate between hypernuclei having same 
A but different number of protons and neutrons. 
In the next section, we give some of the re levant 
mathematical s t eps leading to an expression for B^. The 
radius and diffuseness of the Woods-Saxon (W-S) d is t r ibut ion 
a 
are parametrised as by Angeli et al. and these parameters are 
p 
obtained using the experimental charge density data of 
medium and heavy nuclei. Employing th i s parametr isat ion of 
the radius and diffuseness of the W-S charge d is t r ibut ion and 
working in the folding model approach, following the method 
given by Fliigge , an expression for B^ i s obtained, in 
inverse powers of A , in terms of a single parameter w[iich i s 
identified with D.. The formula t akes in to account difference 
between the number of protons and neutrons of the core 
nucleus. The A-well depth parameter in the formula i s 
obtained from a l e a s t square (LS) f i t t o the B. da ta of 
^Si, A^a, .V and .Y. Since the W-S form employed i s 
applicable t o heavy hypernuclei only, the l ighter hypernuclei 
34 
have been excluded from the fit- B* data for ground and 
excited s t a t e s a re also f i t t ed by solving numerically the 
Schrodinger equation with the folded potent ia l . Result and 
discussion are presented in sec.3 and conclusions in sec.4. 
2. Derivation of the Fonmila : 
The s ingle-par t ic le A-nucleus poten t ia l i s obtained by 
folding AN force with the nucleon density of the core 
nucleus. Assuming the point proton and point neutron 
dens i t ies t o be the same and the range of AN force t o be 
equal to the proton size, the A-nucleus poten t ia l i s given as 
V^(r) = -D^ P^,(r) , [2.1] 
with the charge density p ^(r) given by the W-S shape 
P^^(r) = 1 / [1 + exp(r-R)/a ] . 
The parametrisat ion of radius and diffuseness as given by 
Angeli e t al . i s employed 
R = C + C K^^^ + C (N - Z)A^ , 
O 1 c 2 ^ ' C ' 
1 
[2.2] 
a = A^ + A Ji\A - Z)K 
o 1 ^  ' c 
where N and Z are the number of neutrons and protons in the 
core nucleus, respect ively . The parameters C^, C ,^ C ,^ A^ and 
A^  are fixed from the radius and diffuseness parameter of 
experimental charge density covering a fair ly large range of 
medium and heavy nuclei. There a re seve ra l similar parameter 
s e t s available out of which the one t h a t gives the minimum LS 
for the B. f i t s has been chosen. With the A-nucleus po ten t ia l 
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given by [2.1], t h e r e l e v a n t e igenva lue equa t ion , in t h e 
approximation exp(-R/a) « 1, i . e . f o r heavy h y p e m u c l e i , i s 
so lved anedyt ica l ly fo r B^. The d e t a i l s a r e given 
e l sewhere ' , while some of t h e r e l e v a n t a lgeb ra h a s been 
shown in Appendix B. The famil iar e x p r e s s i o n f o r B<., which i s 
a s e r i e s in powers of A , i s given by 
B. = D;, -
^ ^ 2P^^ 
TT r - , . - 2 / 3 „, , - 1 ^ . , - 4 / 3 ^ , , - 5 / 3 1 
;— C'A - C 'A + C'A - C'A + .... , 
\j^ I O C 1 C 2 C 3 C J ' 
[2.3] 
with t h e c o e f f i c i e n t s C' ( i = 0, 1, 2...) def ined a s 
c ; = c;% c;= B^- B^ w , c;= B^- B^W + B ^ , 
Cg = B ^ - B^ W + BgW^- BpW^ , 
and (i. i s t h e reduced mass of t h e A-core nuc leus sys t em. In 
t h e r e l a t i o n s fo r C ' , t h e c o e f f i c i e n t s B. and W a r e def ined 
a s 
CO p a K ^ 1 / 2 P 2 W j ^ D . - , i / 2 
W = E —7—r^^—rr^l / where K = ^ ^ ^ and 
B = 2C C^^ + 2C~^K ^, B,= 4A C~^ , 
1 O l l O ' 2 O l ' 
B^= 3C^C"* + 6C C ' ^K""^ + 3 C " * K " ^ , 
a O l o i o l o ' 
B^= 12C C~*A^ + 12A C~*K~^ , B = 12A^C~'* 
4. O I O O I O 5 O l 
B^= 1 2 C ^ C " ' K ~ * + 12C C ~ ^ K " ^ + 4 C ' ^ K " ^ , 
<S O I O O I O l O ' 
B,= 24C^C~°A + 48A C C " ^ K " * + 24A C"°K~^ , 
7 O I O O O I O O l o ' 
B„= 48A^C C ' ' ' + 48A^C"^K~^ , B = 32A^C' ' ' 
8 O O l O l O ' P O l 
36 
3. Result and discussion : 
As the B^ formula [2.3] i s not valid for light 
hypernuclei these a re excluded from the f i t t o the B-. data . 
Thus, the input cons i s t s of the B^ da ta of ^Si, ^Ca, ^V 
and .y. The parameter s e t which gives minimum LS for the B. 
f i t i s 
C = -0.24682, C = 1.11886, C = 0.95198, 
O 1 ' 2 ' 
A^ = 0.54895, A^  = 0.03218. [3.1] 
The D^ value corresponding t o the bes t f i t (LS % 15.0) to B^ 
data (Table 1) i s 3 3.29 MeV. 
Numerical solution of the Schrodinger equation i s also 
carried out with the folded potent ia l [2.1], taking 'R' and 
'a' as given by [2.2] with t he i r coefficients taken from 
[3.1]. The f i t s t o the B. da ta of the ground and excited 
s t a t e s of .Si, ACCI/ AV and .Y a re obtained as usual by 
the LS method. The D. value corresponding to the bes t f i t t o 
B^ data (LS = 16.11) i s 30.05 MeV. I t i s not surprising t h a t 
th i s differs by about 3.25 MeV from the value obtained using 
the analytical formula for B. because the l a t t e r i s not 
exact. Clearly, the value D. = 30.05 MeV i s to be preferred. 
The bes t f i t B^ values for ground and excited s t a t e s a re 
found to bo quito ualJcIactory whon coinpaiod Lo Uialt. 
corresponding experijnental values. The r e s u l t s a re presented 
in Table 2. 
We also predict the B. values of heavy and spallat ion 
12 
hypernuclex using the formula as well as numerically. From 
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iz the data , given in Table 3, for ready reference, it can be 
seen that each upper bound of B^ can be assigned to either 
the lower mass number range of the core nucleus (i.e. mean A 
= 35, 44, 52, 65 and 75) or to the higher mass number range 
(i.e. mean A = 63, 72, 80, 93 and 103). We have carried out 
two sets of calculations in respect of Goyal's data, both by 
using the analytical formula and exact numerical solution of 
the Schrodinger equation. In one set, choosing the lower mass 
number region we assign the measured upper limit of B. to the 
corresponding mean value of the core mass number and in the 
other set to the corresponding mean value of the liigher mass 
number region. Since the density parametrisation, chosen in 
[2.2], is expected to be good for nuclei having A near the 
valley of stability, the core of the hypernuclei is assumed 
to belong to this valley. Thus, for each of the above mean 
A , the stable nucleus with mass number close to the valley 
13 
of Stability is taken and the B» calculated for the 
corresponding hypernucleus is compared with the experimental 
upper limit. However, where there are two stable nuclei for a 
certain mean A , the average of the calculated B. for the tv;o 
corresponding hypernuclei is regarded as the theoretically 
predicted value. The predicted B. values for hypernuclei with 
the lower mean values of A and the corresponding 
experimental upper liini.ts on B. are presented in Table 4. The 
corresponding results for the higher mean values of A are 
shown in Table 5. It can be seen that some of these predicted 
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Vcilues exceed the upper limit of B.- Thus, we may say t h a t 
when the measured upper limit of B. i s assigned t o the lower 
mean value of A , the r e s u l t s a re somewhat be t to r . On t^ hin 
c 
basis , we may suggest t h a t the upper LlmJts of B^ ^ may be 
considered t o belong to the lower mass number region r a t h e r 
than the higher mass number region. 
We have also predicted B. of .0 and .S , both by 
formula and by exact numerical calculat ions and a comparison 
11 1 4 
i s made with the experimental values ' . The resiiLts a re 
given in Table 6. We especially note t h a t the predict ions of 
our formiiLa for the light s - and p-she l l hypernuclei a re very 
erroneous. The r e s u l t of .0 , as predicted by formula, i s 
extremely poor. This may be taken as a warning t h a t the 
formula should not be applied t o very light hypernuclei. 
4. Conclusions : 
Due to the inappropria teness of the W-S potent ia l t o 
represen t V. for light hypernuclei, the semj.-empirical 
formula i s not valid for t he se . The analyt ical formula, with 
only one parameter, gives a semi-quant i ta t ive f i t t o the 
ground s t a t e data of medium and heavy hypernuclei. Most of 
the ea r l i e r analyses e i the r use B. da ta from emulsion s tud ies 
which cannot be uniquely assigned t o an individual nucleus or 
rely on l ighter nuclei which have not ye t approached the 
proper t ies of infinite nuclear matter . In these r e spec t s , our 
est imate of D^ = 30.05 MeV can be considered t o be more 
39 
reasonable. The f i t s to the data as well as the predicted 
values are quite good. For the spallat ion region, the lower 
mean veilues of A are t o be prefer red compared to the higher 
mean values of A . 
c 
Thus, the analytical formula developed can be used 
for estimation of B^ in the medium and heavy mass number 
region, but the choice of hypernuclei should be restricted to 
stable nuclei and those close to the stability line. Accurate 
B^ data on heavy hypernuclei are going to be important for a 
better determination of D.. 
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TABLE CAPTIONS 
Table 1 : Results of a LS f i t t ing of B. data , using 
analytical fonnula. The D^ value i s 33.29 MeV. 
Table 2 : Results of a LS f i t t ing of ground and excited s t a t e 
B^ data, obtained by solving Schrodinger equation 
numerically. The D. value i s 30.05 MeV. 
Table 3 : Upper bounds of B. values assigned to two mass 
number ranges of the core nucleus (ref. 12). 
Table 4 : The predicted B. values for the lower mean value of 
the mass number range of the core nucleus. 
(Wherever, two hypernuclei having same A appear in 
the f i r s t column, the i r average t heo re t i ca l B^ 
value i s given in the l a s t column.) 
Table 5 : The predicted B. values for the higher mean value 
of the mass number range of the core nucleus. 
(Wlierever, two hypernuclei liaving same A appear in 
the f i r s t column, t he i r average theo re t i ca l B^ 
value i s given in the l a s t column.) 
Table 6 : The predicted B. values for ^O and ' ^S, using 
formula and from exact numerical calculat ions. 
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A-BINDING ENERGY FORMULAE FROM MASS DISTRIBUTION FOLDING 
AND STUDY OF THE POTENTIAL 
1. Introduction : 
In our ea r l i e r analysis (ch. 2), we have presented a 
semi-empirical formula for ground s t a t e A-binding energy (B^) 
in hypernuclei, in inverse power's of core mass number (A ), 
obtained from the A-nucleus folded potentied. The proton 
charge dis t r ibut ion was assumed t o be same as the neutron 
density dis t r ibut ion of the core nuclei, implying t h a t the 
range of the AN potent ia l equals the proton size. This 
approach may not be appropriate , par t icular ly for nuclei 
having different number of neutrons (N) and protons (Z). 
In the p resen t work, we take the point proton and 
neutron density dis t r ibut ion available in the scient if ic 
l i t e r a t u r e . F i r s t , one has t o broadly d iscuss what the A 
'sees ' of the core nucleus. Mainly, t he re are t h r e e 
apparently different poss ibi l i t ies : namely, whether the A 
'sees ' a s ingle-par t ic le poten t ia l obtained by averaging over 
the sepera te proton and the neutron poten t ia l s of the A or i t 
' sees ' the two sepe ra te s ingle-par t ic le po ten t ia l s d is t inc t ly 
or as the l a s t possibil i ty, i t "isees' an average density 
giving r i s e to an average potent ia l . For light nuclei having 
N = Z these different poss ib i l i t ies do not a r i se as the 
neutron and the proton dis t r ibut ion may be taken t o be same. 
However, as we are dealing with medium and heavy hypernuclei 
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where, in most ca ses N i s considered l a rge r than Z, we have 
to consider these different approaches. 
In the folding model approach of DeloII and loJlowing 
the method given by Fltigge , with the s ingle-par t ic le 
Woods-Saxon (W-S) A-nucleus potent ia l , a semi-empirical 
formula for B. i s obtained in inverse powers of A .^ The B^ 
for the second and thi rd approaches, described above can be 
writ ten down analytically in th i s way but th i s can not be 
done if the A ' sees ' an average nuclear po ten t ia l as 
mentioned in our f i r s t approach- In th i s s i tua t ion, the only 
option seems t o be t o perform numerical calculat ions. The 
formulae for the l a s t two s i tua t ions mentioned above are 
given in the next section. Calculations a re performed using 
these two analyt ical formulae. However, calculat ions of 
A-binding energy by numerically solving the Schrcdinger 
equation are carr ied out for al l the th ree approaches. 
Here, in our analysis , we have considered the B. da ta 
of five hypernuclei, ^Si, ^S, ^Ca, ^V and ^Y, these 
being the only present ly available da ta on medium and heavy 
hypernuclei. As the analyticcLL formulae have been obtained 
from the s - s t a t e solution of the Schrodinger equation, we 
consider only the ground s t a t e D^ data of these hypernuclei 
i.e. the re are only five da ta -po in t s when the analyt ical 
formula i s used for the second and the thi rd approaches. 
However, for the numerical aneilyses, we consider the ground 
as well as the available bound excited s t a t e B. data of these 
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hypernuclei, making a l toge ther 11 da ta -po in t s , a f t e r 
excluding two excited s t a t e s of a doubtful na ture as 
discussed l a t e r . Earlier, in ch. 2, B. da ta of only four 
hypeimuclei a re considered, the reason for which i s given in 
sec. 3. 
2 
The value of the chi-square (x ) for the two 
analytical loriuulac, obtained in the second and ttiird 
approach, are more or l e s s same in terms of the value of the 
single parameter D. and x^-
The numerical Ccilculations performed for al l the th ree 
approaches, for the 11 da ta -po in t s , a re also found to give 
2 
almost s imla r r e s u l t s in terms of the value of the i r x , 
implying t h a t the t h r ee approaches are nearly 
indistinguishable, a t l e a s t with regard to the B. da ta of the 
ground as well as the excited s t a t e s of the hypernuclei 
considered. However, i t may be pointed out t h a t although the 
2 
X are nearly same in al l ca ses , in one case D. i s somewhat 
different. 
Predictions a re made regarding the B^ values ' of ^O 
and the heavy and spallat ion hypernuclei. .^O i s being 
excluded from the f i t because i t i s a l ight nucleus and the 
heavy and spallation hypernuclei a re excluded due to large uncer ta in t ies in the i r B. da ta and in the core mass number 
assignment. 
In order to study the dependence of the r e s u l t s on the 
AN range, an analyt ical expression i s obtedned in the folding 
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model for a densi ty dis t r ibut ion which i s quite similar to 
the W-S form but i t i s easi ly amenable t o analyt ical 
t reatment. This has enabled us t o draw some in t e r e s t i ng 
conclusions analytically regarding the dependence of the B^ 
calculations on the range. I t i s found t h a t moderately large 
changes in the value of the AN range can be compensated by 
small changes in the poten t ia l s t r eng ths and thus have only 
small effect on the calculated B^ values for medium and heavy 
nuclei. I t essent ia l ly means t h a t only a combination of the 
s t rength and the range can be found and not the two 
sepera te ly . Similarly, the size of the A-nucleus potent ia l 
may be varied by making equivalent changes in the s t rength 
without much disturbing the f i t s to the B. data . At present , 
we could draw only very qual i ta t ive conclusions from the 
analytical expression for the folded potent ia l . We have no 
doubt t h a t i t may be used even more profitably. 
Ahmad e t al . and Mian have used density-dependent 
potent ia ls mainly for the study of some light hypernuclei. 
Here, we cr i t ical ly examine the relevance of the densi ty 
dependent term and the value of the force range for medium 
and heavy hypernuclei. The r e s u l t s for medium and heavy 
hypernuclei a re found to be cons i s ten t with the corresponding 
findings for light hypernuclei. 
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2. Formulae 
2.1 Derivation of the B^ Formulae : 
In the first approach, the A is supposed to 'see' an 
average of the potentials constituted by the protons alone 
and that constitued by the neutrons alone. These seperate 
potentials are given as 
^A^^) = -^'^p(^)Vop ^"^ A^iV<^ ) = -^'='n('^)^On ' t2.1.1] 
which are obtained by folding point proton density, p (r), 
with a zero-range Ap po ten t ia l and point neutron density, 
P (r), with a zero-range An potent ia l , respect ively . We may 
emphasize t h a t t hese are point mass and not charge dens i t i es . 
Both point proton and point neutron dens i t ies , normalised t o 
unity, a re taken to be of the W-S form, 
P^(r) = p'°' { 1 + exp[(r-R^)/a^] }"* , 
(index q denotes p or n), p i s obtained from the 
normalisation conditions. The forms of R and a , taken from 
q q 
ref. 2, are : 
R^ = C "+ C A^^^ + C {N-Z)A^ , q oq iq c zq^ ' c ' 
[2.1.2] 
\ = ^ oq "• ^ iq(^-^K • 
These form of the parameters are used in all the three 
approaches being considered here. For neutron and proton, the 
parameters in eqn.[2.1.2] are taken from ref. 2, while for 
the case of the average nuclear density, it is indicated at 
the appropriate place how these may be obtained. The 
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s i n g l e - p a r t i c l e A-nucleus p o t e n t i a l , in t h e f i r s t approach, 
i s t h e n ob ta ined by t ak ing an a v e r a g e of V. i r ) and V . ^ r ) . 
Thus, 
V ^ ) = I ^A2(^) ^ f ^Ai/^) • £2.1.3] 
c c 
with t h i s a v e r a g e A-nucleus p o t e n t i a l , only numerical 
cadcula t ions of B. a r e pos s ib l e . 
In t h e second approach, with V^J(r) and V^^/r), a s 
given by eqn.[2.1.1], t h e r e l e v a n t e igenva lue equa t ion l o r 
- < R / a > 
B^„ and B . ^ in t h e approximation e "^  ** « 1 , i s so lved . 
The d e t a i l s a r e a l r e a d y given in ch. 2. The exp re s s ion f o r 
B. „ and B. ^ which a r e a s e r i e s in powers of A~ , a r e given 
by 
», « h 
BA ^ = D Z -AZ 2M^^ i ^ ^ L o p c i p c z p c J 
[ 2 . 1 . 4 a ] 
J „ T^  fl IT r ^ , , - Z / 3 ^ , , - 1 , „, , - 4 / 3 1 
and B . . . = D . . . ^ - — C ' „A " C' A + C' A - .... , 
AN AN 2 MAW- L o n e I R C z n c J ' 
t2.1.4b] 
m.m 2^  m.mN 
w h e r e HA „ = ^ ,^ ^ and J^ A r^ = :r^ n- a r e t h e A-z and A-N 
AZ m ^ + m ^ 2 AN xtL+mN 
r e d u c e d m a s s . The c o e f f i c i e n t s C' ( i = 0,1,2...) a r e 
d e f i n e d a s 
C' = C~^ , C' = B^ - B W ^ , C = B - B W + B W^ , 
Oq Iq iq Iq 2q qO ' 2q aq 4q qO 5q qQ ' 
C: - B^ - B^ W ^ + B„ W^^- B„ W^„ , [2.1.5] 
3q CSq 7q qQ Bq qO Pq qQ ' L J 
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» r a_K nixz r 2\^.D._-,±y2 
where W = E I n(n + a K ,)J ' ^oa=l Ti J^ C^  denotes 
Z or N) and B = 2C C"^ + 2C"^K~', B = 4A C"^ , 
' Iq Oq Iq Iq O Q ' Zq Oq Iq ' 
B = 3C^ C"'' + 6C C'^'K"* + 3C"*K"^ , 
3q Oq Iq Oq Iq O a Iq O Q ' 
B = 12C C'^'A^ + 12A^ C~/K~t , . B„ = 12A^ C"* , 
•4q Oq Iq Oq Oq Iq OQ. 5q Oq Iq 
B = 12C^ C'^'K"^ + 12C C~'K~^ + 4C~^K"^ , 
<Sq O q i q O Q O q I q O Q I q O Q ' 
B^ = 24C^ C"^A„ + 48A„ C C"^K~* + 24A„ C"°K"J , 
7q Oq Iq Oq Oq Oq Iq O Q Oq Iq O Q ' 
B = 48A^ C C"'' + 48A^ C'^'K"* , B = 32A^ C""" , 
8q Oq Oq Iq Oq Iq O Q ' Pq Oq Iq 
In writing down the above, eqn.[2.1.2] have been used. The B. 
is then obtained by averaging the B . „ and B^„as 
c c 
In the third approach, the point nucleon density, 
P (r), is expressed as an average of p (r) and p (r), 
c c 
The single par t ic le A-nucleus potentieil, obtcdned by folding 
zero-range AN potentieil with the point nucleon density of the 
core nucleus, follows the density dis t r ibut ion of the core 
and i s wri t ten as 
V^(r) = -D^ p(r) , [2.1.8] 
where p(r) i s the average nuclear density of the core nucleus 
given as A^pj^ (r) and D. i s the average potent ia l depth. With 
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th i s A-nucleus potent ia l , the solution of the eigenvalue 
equation for B^, in the approximation e « 1 , leads t o 
the fandliar expression for B.: 
2^A 
[2.1.9] 
in. m A 
where |JI.^  = ^ , ^  . is the A-cbre reduced mass. The above AA m.+ m^ A 
A N c 
coefficients C[ are same as defined in ref. 1 (ch. 2). Then 
the parameters of Pj^(r) a re subst i tued. How we obtain the 
parameters of 1°^^^ '^ taken of the W-S form, i s briefly 
described in the next section. 
2-2. An Analytical Expression for the A-Nucleus Potential in 
the Folding Model for a Finite Range of the A-Nucleon 
Force : 
For medium and heavy nuclei, W-S type of d is t r ibut ion 
has been most extensively employed, but i t i s well known t h a t 
one may use almost any o ther shape in the surface region 
provided i t s skin-thickness parameter i s about the same as of 
the appropriate W-S potent ia l and i t i s almost constant in 
the in t e r io r region with the same half-way radius as of the 
equivalent W-S potent ia l . Here, for simplicity, we obtain a 
simulated form of W-S dis t r ibut ion for a medium and heavy 
nucleus taking the density to be constant in the i n t e r i o r 
region of radius R and for the t a i l region we choose a 
gaussian form as detai led below (calculations were also 
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carr ied out for the exponential po ten t ia l and t he se a re given 
in Appendix C). 
The folded A-nucleus potent ia l i s 
V ^ ) = / ^ANCI ? - ? ' I) Pjr' ) d r ' , [2.2.1] 
where the A-nucleon in te rac t ion i s chosen t o be of gaussian 
form: 
(n d ) 
and nucleon density (Fig. 1), 
[2.2.3] ^ N ( ^ ' ) = ^ ON ' f ° ^ ^ ' - R 
Pjr') = P «K,e (""'"^o) / ^ , for r ' > R 
Substi tuting [2.2.2] and [2.2.3] in eqn.[2.2.1], we f i r s t 
perform <p in tegra t ion which simply gives 2n, as the integrand 
i s independent of (p. As the angle o a r i s e s only from the 
expansion of | r - r ' | in the exponent in eqn.[2.2.2], the 
integrat ion over ® i s performed next in a stredght forward 
manner. Finally, the in tegra t ion over r i s car r ied out. Thus, 
the following expression of A~nucleus po ten t ia l i s obtained, 
for r ^ R : o 
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{ r ^ r+R ^ ^ R -r T^ 
r -a-(R„. b / 2 a - , ' . ^2; |_Ci-erf [a"'-(R„.b/2a-,l)] 
• - 2 3 J 
^ L 2a'^ ^"''^  
[a'^^^(R^+b'/2a')])] I . [2.2.4a] 
2^/H=' - . r - p ^ ^/r^2^ g(b^/4a'-c) 
J ir "" 
2 
2 a' 
z 
o 
For r > R_ : o 
V .r) = - ^ ° - I rdyJT r e r f f - i ^ l - e r f f - L ; ^ ! ! . d^  x V„^ , P^„ f r ^ r+R ^ -. r -R n^ 
2 / H 2 _ . . . _ P ^2/H2^ g ( b V 4 a ' - c ) 
- ; X 
L-a'(R„. b / 2 a • , ^ ^2Ci;^^(i.erf [a"'-(R„.b/2a-)])l 
L 2 a J 
L-a'(R„+ b ' /2a ' )^ _ h'^Hr ^^^^^^ 
"- 2a'*^^ 
[a''^^R^+b'/2a')])] I , [2.2.4b] 
a 
^(b'V4a'-c) r _ , , „ ^ K'/o.'x^ 
. ,ere a'= ^ . ^ , . =-. f^ . ^ j , , .= , [ ^ _ 3 
2 „ Z 
r R^  
and c = — - + — - . The parameters R and A for a simulated 
d A ° 
W-S form of distribution can be easily shown (see Appendix C) 
to be related to R^' and *a' of a W-S distribution as 
follows: 
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R = R - A y ^n 2 
° [2.2.5] 
2 a (^ n 9) ^ 
A = —ZIZZZII ' (y^rTTo - y^n 10 - f^n 9 ) 
Neglect ing t h e t e r m s having a v e r y small c o n t r i b u t i o n , 
a s checked by t y p i c a l numerical c a l c u l a t i o n s , eqns.[2.2.4a] 
and [2.2.4b] f u r t h e r r educe t o t h e following : 
VA(r)= 
V P 
ON ON 
2rdyF 
r-f-R„. . . R „ - r . . ^ ( b V 4 a ' - c ) 
, , y , [ e r f [ - ^ ] . e r f [ - ^ ] ] -
^ " ^ [ l - e r f [ a ' ' " ' ^ R ^ + b / 2 a ' ) ] ) l , (r < R^) 
2a ' ^^^ 
[2.2.6a] 
„ / s ^ON ^ON r ^ ^ r ^ r ^^^o-] ^f ^"^o11 ^ ( b ' ' / 4 a ' - c ) 
b-yHfr 
X - - i ; ^ C l + e r f t a ' ' ^ ^ R ^ + b / 2 a ' ) ] ) l . (r > R^) 
2a ' J 
[2.2.6b] 
The consequences following from t h e above , e s p e c i a l l y with 
r e g a r d t o t ho impor tance o l t h e p a r a m e t e r d a r e d i s c u s s e d in 
t h e next s ec t i on . 
3. Results and Discussion : 
For a l l t h e t h r e e app roaches , t h e e x p r e s s i o n of t h e 
r a d i u s 'R' and d i f f u s e n e s s 'a ' a s well a s t h e i r p a r a m e t e r s 
f o r t h e p r o t o n and n e u t r o n d i s t r i b u t i o n a r e t a k e n from t h e 
s t a n d a r d l i t e r a t u r e a s a l r e a d y mentioned. For s t a b l e and f3 
u n s t a b l e nucle i , t h e v a l u e s of t h e p a r a m e t e r s of 'R' and 'a ' 
a r e l i s t e d in Table 1 f o r r e a dy r e f e r e n c e . The r a d i u s and 
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diffuseness parameters of the average nucleon density 
distr ibution Pj^(r) a re obtained from the l e a s t square f i t t o 
eqn.[2.1.7], for nuclei over a large mass number range. 
However, a number of parameter s e t s become available in th i s 
way depending upon the in i t i a l choice of these parameters , 
but in most cases the i r l e a s t squares do not differ 
significantly. Fi t t ing of the experimental B. da ta was 
carr ied out with different parameter s e t s . The radius and 
diffuseness parameter se t , which gives a good f i t t o the B. 
data , i s being quoted in Table 1. 
With these parameters , the x f i t t o the ground s t a t e 
B^ values of .Si, .S , .Ca, .V and .Y i s carr ied out, 
2 
where x i s defined as 
r B. ^ ( i ) -B^ (t)T2 
E — ^ 
L L A B ^ ^ ( i. ) 
with the symbols having the i r usucLL meaning. The 
experimentally quoted value i s Bt'*^(i) ± ABT'*^(t). Since the 
experimental e r r o r s a re not available the e r r o r bar in the 
experimental data, AB?'*^(i), i s assumed t o be a cer ta in fixed 
percentage e r r o r (5%) for al l the nuclei considered, which 
seems quite r ea l i s t i c and i s only a c r i t e r ion for adjusting 
the parameters and judging the quality of the f i t s . 
Light hypernuclei a re excluded from the f i t as the 
analytical formulae, being based on W-S dis t r ibut ion a re not 
valid for these . The analyt ical formula for B., obtained in 
the second approach, involves two parameters , the well depth 
58 
fe l t by A in the proton dis t r ibut ion D. „ and t h a t in the 
neutron dis tr ibut ion D . ^ Whereas the analyt ical formula, in 
the third approach, obtained using the average density 
involves a single-parameter i.e. the A-well depth, D^, JJi 
some average sense. However, we shall t r e a t the former also 
as a single-parameter formula assuming D^„ = D^^ , 
D. obtained using formula [2.1.6] i s 29.57 MeV, with 
X for 5 da ta-poin ts equal to 2.01. Total x , using formula 
[2.1.9], for the 5 da ta -po in t s , with bes t f i t value of D^= 
29Al MeV, i s 2.46. The D^ as a lso the ;e^  obtained by both 
the analyt ical formulae i s almost same. Here, we r epo r t the 
r e s u l t s obtained using the formula [2.1.9] in Table 2. 
Earlier, in ch. 2, only those hypemuclei ( .Si, A^a, A'^ -^ ' A 
5 1 8P 
.V and .Y ) were included in the f i t for which ground as 
well as excited s t a t e B. da ta were available. As experimental 
e r r o r in the data i s not available, the f i t t ing t he re was 
carr ied out by l e a s t square method. 
For the sake of comparison of the r e s u l t s obtained 
here and t h a t in ref. 1 (ch. 2), we perform x - f i t t i ng for 
the same 5 da ta -po in t s using the B^ formula given in ch. 2. 
Total -^^i with the b e s t f i t value of D^ = 34.37 MeV, i s found 
to be 21.81 as compared to ^ 2 by our formulae using the mass 
distr ibution. We natural ly conclude t h a t these semi-empirical 
formulae are cer ta inly an improvement over our ea r l i e r 
formula . The applicability of both these formulae i s , 
however, again r e s t r i c t e d t o the s tab le nuclei as well as to 
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the nuclei close to s tab i l i ty and also to the ground s t a t e s 
of medium and heavy hypernuclei. 
Numerical calculations a re also carr ied out in al l the 
th ree cases mentioned above, for ground as well as the 
available excited A-single-part icle bound s t a t e s of the 
4.0 
nuclei considered. The excited state B^ data of A ' " ^ ' 
6 P 
corresponding to angular momentum •^  = 2 and t h a t of .Y 
corresponding t o •^  = 3 were found to contr ibute very heavily 
to the t o t a l x in al l t h ree cases . When these excited s t a t e s 
are taken out of the f i t t ing, the s i tua t ion i s considerably 
improved. These excited s t a t e s have been taken out in al l the 
th ree approaches. The r e s u l t s given in Table 3, corresponding 
to the case of average nucleon density, a re those obtained 
a f t e r exclusion of these two excited s t a t e s from the f i t t ing. 
However, predicted values for t he se two excited s t a t e s a re 
quoted in the table and are marked by an as te r i sk . 
The D» values, obtained from exact calculat ions in the 
f i r s t and the second approach, a re found to be 31.8 3 MeV and 
31.81 MeV, for the 11 da ta -po in t s , with t he i r respec t ive x 
as 22.60 and 22.44. The D^ value, obtained in the th i rd 
approach, using the average nucleon density i s , however, 
28.40 MeV, with x = 22.76. We have about the same x in al l 
the th ree cases showing thereby t h a t the ceilculations cannot 
distinguish between the different approaches considered here. 
At the same time, th i s poses the problem of the ambiguity of 
determLning the empirical value of D^ with which t heo re t i ca l 
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value of the A-binding to infinite nuclear mat ter i s t o be 
compared. In th i s context, a very rel iable semi-empirical 
formula has to be developed. 
The calculated D. parameter, obtained from x f i t t ing, 
by analytical formulae and t h a t obtained from exact 
calculations in al l the th ree approaches, a re used t o predict 
5 7 1 <5 
the B. values ' of .0 and the heavy and spallat ion 
hypernuclei. The former being a light hypernucleus was not 
included in the f i t while the l a t t e r had not been included as 
precise B^ values and the i r assignment t o the core nuclei a re 
not available. The upper bound of B^ data , on heavy and 
spallat ion hypernuclei, i s assigned, t o only the s tab le 
nuclei or nuclei close t o s tab i l i ty , corresponding t o two 
mass number ranges of the core nuclei i.e, mean A = 35, 44, 
52, 65 and 75, and mean A = 63, 72, 80, 93 and 103. 
l o 
Wherever, the re a re two s tab le nuclei having same A , the 
predicted B. i s taken t o be the average value of the two. 
However, as the r e s u l t s obtained a re almost same by both 
analytical formulae and also from numerical calculat ions in 
all the th ree cases , we quote only the r e s u l t s obtained in 
the third approach. The experimental and the predicted B^ for 
.0 and o ther hypernuclei with lower mean values of the A 
are presented in Table 4, whereas for the higher mean values 
of the A the r e s u l t s a re presented in Table 5. The predicted 
B^, in some cases , for higher mean vailues of A , using 
analytical formula [2.1.9] and for one case from the exact 
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calculations, a re higher than the experimental upper l lndts 
of the B^ values. Thus, the experimental upper limits of B^ 
data on heavy and spallat ion hypernuclei, as suggested in our 
ear l ie r work , should be assigned t o the lower mean values of 
the core mass number range. 
Next, we study the dependence of the AN force range, 
d, on the B^ calculat ions using analyt ical expressions 
[2.2.6a] and [2.2.6b]. The difference in the po ten t ia l s for 
some reasonable choices of d, ranging from 0.5 fm t o 1.0 fm, 
i s studied. 
Remembering t h a t except for extremely small values of 
the argument, the e r r o r function i s almost unity for o the r 
values. Thus, we easi ly conclude t h a t the f i r s t term inside 
the curly bracket has extremely small dependence on d for al l 
r. Similarly, remembering t h a t the typical value of A SJ 1.8 
fm, we can see t h a t the second ter-m, which in r,mn^^, in nny 
case, except in the immediate neighbourhood of R , also has 
very l i t t l e dependence on d. Thus, finally, we have shown 
t h a t by a change of d the re i s negligible change in the 
potent ia l a t almost al l r. To obtain a f i t of the same 
quality for a different Vcdue of d we have t o change the 
s t rength of the po ten t ia l by an extremely small amount. This 
becomes t r anspa ren t when we look a t the numerical r e s u l t s 
described in the next paragraph. 
What we have said above i s borne out by Table 6 in 
which we give the poten t ia l for a medium nucleus, A = 8 8, for 
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th ree values of d, namely 0.5 fm, 0.7 fm and 1.0 fm. We 
notice t h a t the poten t ia l obtained in al l the t h r ee cases i s 
almost same and very l i t t l e change in the s t reng th would be 
required for get t ing the same f i t with a different vedue of d 
for any individual nucleus. I t i s also fcdrly obvious t ha t , 
by a negligibly small change in the s t rength , f i t s t o the B^ 
data of medium and heavy nuclei will remain unchanged for 
moderately large change in the value of the parameter d. This 
i s also borne out direct ly by the B . calculat ions. 
Analytical expression for the po ten t ia l has also been 
obtcdned using an exponential form of densi ty for the t a i l 
region (see Appendix C) and i s found to lead to sindlar 
conclusions regarding AN force range. 
Thus, we conclude t h a t t he study of the ground s t a t e 
B. da ta of medium and heavy hypemuclei i s not going t o 
r e su l t in a rel iable determination of the AN force range 
parameter. However, i t i s possible t h a t the s i tua t ion i s a 
l i t t l e different for l ight hypemuclei and a study of t he i r 
B. da ta may give some usefiiL information on the AN force 
range. 
Finally, we may point out t h a t the above remarks are 
not confined t o hypernuclear physics alone, but are valid for 
any folded potent ia l . 
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4' Comparative Study of Our Potentials with the Density-
Dependent Potentials : 
Numerical calculat ions are also carr ied out for the B^ 
data of the ground and excited s t a t e s of the 11 da ta -po in t s 
cons t i tu ted by the 5 hypernuclei considered ear l ie r , with the 
8 
potent ia l of Ahmad e t a l . , taking the point density 
dis t r ibut ion to be of W-S form. The density parameter P was 
kept fixed a t the value of 1.86 fm given in ref. 8. The D. 
VcLLue estimated from these calculat ions, in aH the t h r ee 
approaches, i s ^ 31 MeV, with x ^ 2 4 for these da ta -po in t s . 
2 
The X i s marginally higher than for our po ten t ia l s . 
Numerical calculat ions, using the densi ty dependent 
potent ia l of Mian , where range of the AN force i s explicitly 
included in the calculat ions, in al l the t h r ee approaches, 
a re also performed. Whereas t he i r calcialations a re only for 
light nuclei, assuming proton and neutron density t o be same, 
we car ry out similar calculat ions using mat te r densi ty for 
medium and heavy nuclei. The r e s u l t s from al l the t h r e e 
approaches are nearly same. The s t rength , densi ty and range 
parameters so obtained, for the case of average nucleon 
density, a re 330.77 MeV fm ,^ 1.60 fm and 0.88 fm, 
respect ively. The D. obtained for th i s s e t i s == 28 MeV and 
the t o t a l X for U da ta -po in t s i s 3.18. The improvement i s 
quite marked when density-dependence i s used along with a 
reasonable range of the AN force. However, one may point out 
t h a t Mian has two more parameters than we have, but i t may 
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be conceded t h a t the parameters a re physically reasonable. 
In order to fully real ize the relevance of the work of 
Ahmad e t al . and Mian for obtaining a broad understanding 
for the fac tors t h a t have helped in obtaining the b e t t e r 
f i t s , we make a comparison of our r e s u l t s with those given in 
ref. 8 and 9. On the whole, the f i t s of Ahmad e t al . a re 
mainly for light hypernuclei. These a re b e t t e r than our f i t s 
with the charge dis t r ibut ion (ch. 2). However, i t may be 
pointed out t h a t a d i rec t comparison between the two cases i s 
not s t r i c t l y possible because Ahmad e t eil. have used light 
hypernuclei whereas, we have considered (ch. 2) medium and 
heavy hypernuclei. Moreover, the formula obtained using 
charge dis t r ibut ion (ch. 2) has only one parameter, the 
formula of Ahmad e t al. has two. So, what we may say here in 
t h i s regard i s only t e n t a t i v e . 
As already mentioned, i t should be considered t h a t the 
f i t s with Mian's approach, which i s an ijnprovement of the 
work of Ahmad e t al . , a re guite good despi te the fact t h a t 
the re are two additional parameters compared to our 
calculations. I t may be rea l ised t h a t additional parameters 
have a physical bas is . Now, we t r y t o understand these things 
in a qual i ta t ive way. 
I t i s well known t h a t the folded potent ia l for an 
ordinary force of non-zero range always has a l a rge r range 
than t h a t of the density dis t r ibut ion. Since Ahmad e t al. 
have obtained the folded potent ia l with a density-dependent 
65 
effective AN interact ion, in a somewhat round about way we 
make a simple est imate of the difference between the half-way 
radius as well as the 90% to 10% fall-off diotanco of tlio 
folded potent ia l and those of the density. Normally, one 
considers <r > in th i s context but th i s has not been done as 
t h a t study i s possible only numerically. Below, we give t he se 
r e s u l t s . 
I t i s seen t h a t whereas the half-way radius of the 
poten t ia l i s l a rger than t h a t of the densi ty while the 90% t o 
10% fall-off dis tance remains almost same in the two cases . 
Therefore, i t i s obvious t h a t the mean square radius of the 
potent ia l i s more than t h a t of the densi ty. QUcQitatively, 
the same i s the s i tua t ion with our folded po ten t ia l using 
charge density, the range of the AN force in our case as well 
as t h a t of Ahmad e t al. a re nearly the proton size. The 
increase in size in the two cases could be a l i t t l e different 
but t h a t cannot be the main reason for the super ior i ty of one 
over the o ther for t h a t would only mean a slightly different 
s t reng th of the po ten t ia l in the two cases . Therefore, the 
reason has t o be sought elsewhere. 
We may mention the well known fact t h a t the effect ive 
three-body ANN forces apar t from performing o ther ro les , 
introduce density-dependence in the two-body in te rac t ion . 
Presumably, some o ther e f fec ts may also contr ibute to the 
density dependence. Looked a t in another way, i t i s also well 
known t h a t the effect ive three-body forces weaken the 
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s t rength of the effective two-body force. One simple way t o 
incorporate / simulate th is effect seems t o be to take a G-
function AN force with s t rength of the same s o r t of order as 
before. 
When one i s taking l i t t l e or no s t a t e - , 
spin-dependence, as we have done, i t i s necessary to employ 
an effective AN force and which has the above ef fec ts on the 
effective two-body AN force when the effect ive three-body ANN 
a 
force i s employed. Thus, the f i t s of Ahmad e t a l . a re b e t t e r 
than those of o the r s because they employ an effect ive 
density-dependent two-body AN in te rac t ion and our 's with the 
mass dis t r ibut ions are of comparable quality because we use a 
(5-function AN force with a s t reng th comparable t o t h a t with 
finite range for get t ing our folded potent ia l . The fact t h a t 
the ANN force has not been able to improve mat te r s t o any 
significant aspect seems t o be t h a t the size parameters have 
not been properly taken into account. 
Thus, in th i s light one would expect the calculat ions 
of Ahmad e t al . t o be somewhat b e t t e r than our calculat ions 
using charge dis t r ibut ion. This line of argument also agrees 
with the fact t h a t the f i t s using the mass dis t r ibut ion with 
zero range AN force gives b e t t e r r e s u l t s than those given by 
the charge dis t r ibut ion. 
4. Conclusion : 
All the th ree approaches considered here seem equally 
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good and it is not possible to prefer any one of these on the 
2 
basis of the x . The present analyt ical formulae for B^ are 
b e t t e r than our eor l ior formula , obtninod by folding witti 
the charge density. 
Reliable information about the range of the AN force 
i s not expected to be obtained from the study of B^ da ta of 
medium and heavy hypernuclei. For the study of the force 
range, Ught hypernuclei might prove b e t t e r . 
Finally, the fact remains t h a t the f i t s with the 
A-nucleus potent ia l obtained from a density-dependent 
p 
potential with a reasonable value of the range are certainly 
somewhat better than our's, but then whereas we have only one 
parameter, this other potential has two more parameters. 
However, the parameters make physiceil sense. 
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TABLE CAPTIONS 
Table 1 : Radius and diffuseness parameters for proton and 
neutron taken from ref. 2 and the corresponding 
ccdculated radius and diffuseness parameters of 
nucleon dis tr ibut ion. 
Table 2 : The r e s u l t s of a ;^ : f i t t o the experimental ground 
s t a t e B. values, using analyt ical formula [2.1.9]. 
Table 3 
Here D^ = 29.47 MeV with t o t a l x = 2.46. 
; Results of numerical solution of Schrodinger 
equation using average density. D. was found t o be 
28.40 MeV. Total 7i^ for 11 da ta -po in t s i s 22.76. 
The calculated B. values marked by an a s t e r i s k are 
the predicted values with the obtained value of D^. 
Table 4 : Predicted values of B^, for lower mean values of 
A , by analyticcil formula and exact calculat ions 
using average density. Wherever, hypernuclei having 
same A appear in the f i r s t column, t he i r average 
theore t i ca l B. value i s given. Apart from ^O, 
experimental B. for al l the o the r hypernuclei a re 
only the upper limits. 
Table 5 : Predicted values of B. for higher mean values of 
A , by analyt ical formula and exact calculat ions 
using average densi ty. Wherever, two hypernuclei 
having same A appear in the f i r s t column, the i r 
average theore t i ca l B^ value i s given. 
Table 6 : The calculated A-nucleus potent ia l , given by 
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eqns. [2.2.6a] and [2.2.6b], f o r t h r e e v a l u e s of 
t h e AN fo rce r ange , namely 0.5 fm, 0.7 fm and 1.0 
fm. The v a l u e s of o t h e r p a r a m e t e r s a r e a s follows : 
R = 4.89 fm, a = 0.48 fm, A = 1.75 fm, R^= 3.44 fm, 
a ' = 2.37 fm and V = 375.0 MeV fm^. 
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Fig. 1 : The density with constant cen t ra l region and a 
gaussian t a i l , given by eqn. [2.2.3]. 
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C H A P T E R 4. 
VG 
A PHENOMENOLOOICAI. STUDY OF THE POSSIBLE PRESENCE IN AN 
INTERACTION OF A CHARGE-SYMMETRY-BREAKING COMPONENT 
1. Introduction : 
One would have hoped t h a t different i sobars of the 
same hypernucleus could provide information on the possible 
presence or otherwise of a charge-symmetry-breaking (CSB) 
component of the A-nucleon (AN) in terac t ion . Clearly, the 
quantity- to look a t i s the difference between the A-binding 
energy (B^) of i sobars . The f i r s t apparent evidence for AN 
CSB came from the difference in A-binding energies of the y.H 
and y^ He. Bodmer and Usmani have showed t h a t meson-exchange 
CSB models a re cons is ten t with the phenomenological CSB 
potent ia l for the t r i p l e t but not for the singlet case . The 
CSB in te rac t ion i s found to be effectively spin-independent 
and reduces the charge symmetric a t t r a c t i v e s t reng th by ^ 
0.05 MeV re la t ive to the Ap s t rength . 
CSB in the AN in te rac t ion may be a t t r i bu t ed t o a 
number of ef fec ts , the most important of which i s probably 
Z 3 
isospin mixuig of baryons and mesons ' . The possibi l i ty of 
having a non-zero CSB coupUng AAir due to (A, z'^) mixing was 
emphasized by Dalitz and Von Hippel . The mi}dng between 
mesons, such as (rr ,r)) and (p ,w), i s possible in principle. 
However, the appropriate contribution t o CSB of the AN 
in te rac t ion vanishes in the limit of equal admixed meson 
masses. Thus, (p ,oo) mixing i s of no prac t ica l i n t e r e s t for 
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o AN CSB, whereas (IT ,n) mixing cont r ibutes , but l e s s than (A, 
E ) mixing to CSB. Mass differences between 51 and Z and 
between a proton and a neutron in the intermediate s t a t e s 
2 
appropriate for the two-pion exchange AN in te rac t ion a re 
other, though l e s s significant, sources of CSB in the AN 
interact ion. 
A number of hypernuclear i sobars have been identified 
in the p-shell , however, the information on CSB in the AN 
in te rac t ion has not ye t been extracted. The contribution of 
the CSB meson-exchange potentiads considered in the 
l i t e r a t u r e , which v io la tes the charge symmetry by 1-2%, i s 
not found to increase with mass number (A) t o account for the 
differences in the energies of heavier nuclei. Here, we make 
an indirect phenomenological study of the possible presence 
of a CSB component in the AN in te rac t ion in the medium and 
heavy hypernuclei using a semi-empirical formula for the 
difference in the B^ of a pair of medium or heavy hypernuclei 
having same core mass number (A ) but different number of 
protons (Z). 
In the folding model approach described in ch. 2, we 
obtain a semi-empirical formula for B. in inverse powers of 
A . The detailed procedure i s given elsewhere . Assuming t h a t 
the A ' sees ' two sepe ra t e po ten t ia l s due t o the proton and 
the neutron d is t r ibu t ions in a nucleus, we f i r s t obtciin 
sepera te single-parameter, semi-empirical formulae, as given 
in ch. 3, for B. „ f the A-binding energy, to the proton 
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distr ibut ion cons t i tu ted by the Z protons and B^ ^ the 
A-binding energy to the neutron dis t r ibut ion cons t i tu ted by 
the N neutrons. I t i s stradght-forward t o write down the 
formula for the average of these two binding energies. 
Earlier, i t has been shown in ch. 3 t h a t for almost the same 
values of the parameters , of the A-^ and A-// force, in the 
two cases , the above average value i s same as the A-binding 
given by the average potent ia l . As the formula given here i s 
used only for a study which i s of a r a t h e r qual i ta t ive 
nature , we do not care for exact values of the parameters . 
Therefore, plausible values of the A-2 and A-7\r s t r eng ths have 
been employed. 
Over a large range of mass numbers, we t e s t the effect 
of CSB component with th i s semi-empirical formula for the 
differences in A-binding energies of i sobars . We find t h a t 
dependence of A-binding energy on Z i s small even for 
re la t ive ly large A2, where A^ i s the difference in the number 
of protons of the two i soba r s . Formulae are given in the next 
sect ion and r e s u l t s and discussion in sec. 3. 
2. Derivation of the fommla : 
Assuming t h a t A *sees' two sepe ra t e A-^ and t\.-N 
potent ia ls in a nucleus, for zero-range AN in terac t ion , in 
the folding model, using the point proton and point neutron 
dens i t ies available in the l i t e r a t u r e , we get for a 
hypernucleus having Z number of protons and N number of 
V9 
n e u t r o n s 
VAZ <^ ) = - ^ V^p'''^P<^) ^'^d V^^ (r) = -N V^J^Pjr). [2.1] 
The poin t p r o t o n and po in t n e u t r o n d e n s i t i e s , deno ted h e r e a s 
^p (r) and p (r) r e s p e c t i v e l y , (normalised t o uni ty) a r e 
chosen t o be of Woods-Saxon (W-S) form. The forms of r a d i u s 
'R' and d i f f u s e n e s s *a' p a r a m e t e r s along with t h e i r 
p a r a m e t e r s f o r p r o t o n and n e u t r o n a r e t aken from ref . 6. With 
A-Z and A-N p o t e n t i a l s given above and following t h e approach 
of Deloff ' and Flugge^, f o r t h e condi t ion e~^ ' ^ ' « 1, we 
ob t a in t h e A-binding energy in t h e two p o t e n t i a l s a s given in 
ch. 3 : 
t_Z 2 
B. = D ^ AZ "AZ 2H,^ 
and B . . . = D . „ - —r— 
AN AN 2M^^ 
^ \ c A-^^^ - c A-* + c; A-""" - 1 
A/ L °P "^  Ip c 2p c J 
^ \ c A-^^^ - c A-* H- c ; A-*--" - . . . . 1 , 
I L o n c i n c 2 n c J 
[2.2] 
m.m Z m.m^W 
where P* r^  = r^ ;r- and M* .r = ; ;T' a^e t h e A-z and A-N 
AZ m.+ mZ AN "K "Vi^ 
reduced masses . D . „ and ^A/^ a r e t h e A-well d e p t h s in V.lr) 
and V^A/^) p o t e n t i a l s . The c o e f f i c i e n t s C'^ and C^^ (i = 
0,1,2...) a r e e x p r e s s e d in t e r m s of r e s p e c t i v e r a d i u s and 
d i f f u s e n e s s p a r a m e t e r s of p r o t o n and n e u t r o n and A-well 
d e p t h s a s shown in ch. 3. The a v e r a g e A-binding energy , fo r 
t h e hypernuc leus having A number of b a r y o n s and Z number of 
p r o t o n s i s 
c c 
Using eqn.[2.1], we g e t 
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•• O n c c -" 
Taking only f i r s t two t e r m s of bo th B. „ and BA^T 
e x p r e s s i o n s and us ing [2.3] and [2.4], we g e t 
A AJV ^^\M ^ 
I (v A \(1- |Y ) / -p (0) -A I on c I ^ V •'A p^ ' 
c I •- On c 
f. Z •>, Z 1 h IT , - Z / 3 f o n Op • 
ci- A ) '^ n(o)J - - ^ \ L- iw" - i v ; J , [2.5] 
w h e r e AV = V - V and A = N + Z. The A - b i n d i n g e n e r g y of 
h y p e m u c l e i h a v i n g same A b u t Z" number o f p r o t o n s and If 
number o f n e u t r o n s c a n b e o b t a i n e d by r e p l a c i n g Z and N i n 
t h e a b o v e e q u a t i o n by Z' and / T . The d i f f e r e n c e i n A-b ind ing 
e n e r g i e s o f t h e two i s o b a r s o f h y p e m u c l e i c a n t h e n b e 
w r i t t e n a s 
c L P (0) -^  on 
Up^(0)JJ °" 2 f o p \ LM^^ M^^J 
°"I- ^ ^ f^ A// f^ A^J " ^ ^'A^ ''AT/-
[2.6] 
81 
3. Result and Discussion : 
The analyt ical formula for ' ' ^B . , the A-binding 
energy difference of the two i sobars , i s meiinly used t o draw 
some qual i ta t ive conclusions. The point proton and point 
neutron dens i t ies , both normedised t o unity, a re chosen to be 
of W-S form. The forms of radius and diffuseness for proton 
and neutron and the i r parameters , as mentioned ear l ie r , a r e 
taken from ref. 6. 
We choose approxijnate plausible values of the s t reng th 
parameters , V^ and V^^ of the Vyy_(r) and V^ j(r) po ten t ia l s , 
respect ively. —3- i s chosen to be =« 0.15, where V i s an 
V 
average of V and V . With these parameters , ' ' ^B^, 
calculated for s tab le or the nea r - s t ab le i sobars of 
hypemuclei, over a large mass number range varying from 25 
to 250, i s found t o be very small (<0.5 MeV). Although, 
reasonable Vcilues of AZ a re a t most 2 or 3 for the s tab le or 
nea r - s t ab le i sobars , we do not expect very large difference 
in the qual i ta t ive na tu re of the r e s u l t s even for re la t ive ly 
l a rger AZ. Now, for large AZ, in principle, one would have t o 
consider exotic i sobars . F i r s t of all, i t i s most unlikely to 
c r ea t e an exotic hypernucleus because exotic nuclei a re so 
shor t - l ived and even, for the sake of an argument, if a 
Lighter exotic hypernucleus could be produced, the value of 
the crucial term being considered here i s s t i l l r a t h e r small 
to be of any par t icu lar advantage. 
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Z S3 'A 
We see t h a t the dominant term in ' ' AB. i s 
A 
P - p (Ok-, 
L ^ p (Or-' 
which arises from the difference in D.^ and D. „ of the two 
AZ AN 
i sobars . Except for very small correc t ion terms, the 
coefficients of the formulae [2.2] have a very small ro le . 
This suggests t h a t if accura te da ta i s available for i soba r s , 
i t might provide a reasonably sensible method for determining 
P (0) re la t ive t o p (0) r a t h e r than any rel iable 
information on CSB. Since the term involving CSB, ^ , occurs 
O n 
with the r a t h e r smcdl coefficient and s t i l l higher powers of 
the same, the re seems l i t t l e point in invest igat ing the 
effect of CSB from s tud ies of the experimental ' ' •^B.. 
Such s tudies seem mainly t o provide information on the 
re la t ive cen t ra l neutron densi ty of the two i sobars . However, 
even for th i s study, since the difference ' ' AB^ ^ i s even 
l e s s than 0.5 MeV for the s tab le or the nea r - s t ab l e i sobars , 
i t would be , feasible only if very accura te da ta a re 
available. 
One may also discuss t h i s mat te r in the light of the 
semi-empirical formula of Rahman Khan and Shoeb , being given 
below for ready reference 
ot T ? . 
B.= V. ^^— + p . - I — . [3.2] 
A A , 1/3 A A , 2/3 '• •' 
A c A 
c c 
Hence, " ' " ' = " A B ^ = n ^ f - l ^ . [3.3] 
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For a large number of nuclei, ranging from A = 25 to 250, 
s table or nea r - s t ab le nuclei a re considered. The reasonable 
value of A^ for these nuclei i s 2 or 3. ' ' ''^ ^A ^^ 
obtained from [3.3] above i s even l e s s than 0.2. Thus, one 
may finally conclude t h a t i t i s more sui table to study CSB 
for light hypernuclei. 
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C H A P T E R 
86 
A SGMI-EMPIRICAL FORMULA FOR A-BINDINO ENERGIES IN GROUND 
AND EXCITED S-STATES OF LIGHT HYPERNUCLEI 
1. introductd.on : 
Microscopic o r r a t h e r semi-microscopic cci lcula t ions of 
t h e A-binding t o nuc le i (B^) have been p o s s i b l e only f o r a 
few nucle i , .H, .H, ^He, ^He and more approximately f o r .Be 
and .C. Semi-microscopic c a l c u l a t i o n s have a l s o been c a r r i e d 
o u t r a t h e r r e c e n t l y fo r a few more nucle i . On p r e s e n t 
i nd i ca t ions , i t a p p e a r s unlikely, in t h e n e a r f u t u r e , t o 
s u c c e s s f u l l y c a r r y o u t microscopic o r even semi-microscopic 
Ccilculations f o r many o t h e r hypernuc le i . Thus, one i s fo rced 
t o cons ide r phenomenological c a l c u l a t i o n s of B. t o ob t a in 
some broad i n s i g h t i n t o some of t h e impor t an t a s p e c t s . 
The A-nucleus p o t e n t i a l in t h e folding model with a 
d e n s i t y - d e p e n d e n t e f f e c t i v e A-nucleon (AN) i n t e r a c t i o n h a s 
been shown ' t o be q u i t e a d e q u a t e t o accoun t f o r t h e ground 
s t a t e B. d a t a of l i gh t hypernuc le i . However, a l l t h e s e 
c a l c u l a t i o n s have t o be c a r r i e d o u t numerical ly. 
By mathemat ica l manipula t ions of t h e folded p o t e n t i a l , 
s e v e r a l a u t h o r s ' have ob ta ined semi-empir ica l formulae of 
B^ fo r medium and heavy hypernuc le i . However, none of t h e s e 
formulae hold fo r l igh t hype rnuc le i fo r t h e simple r e a s o n 
t h a t t h e c o r e d e n s i t y i s n o t of t h e Woods-Saxon (W-S) form a s 
i s t h e c a s e f o r medium and heavy nucle i . No semi-empir ica l o r 
even empirical formula e x i s t s f o r l i gh t hypernuc le i b e c a u s e 
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of the fact t h a t t he re are different mathematiccil forms of 
the density for different light nuclei and, more importantly, 
simple mathematical manipulations, leading t o a 
semi-empirical formula, a re not possible for any of these 
forms. 
So, we made a t r i a l and e r r o r search for the A-nucleus 
potent ia l for l ight hypemuclei using various analyt ical 
forms t o find one t h a t gives to lerable r e s u l t s . LucJdly, we 
find t h a t by excluding four or five known 'troublesome' 
hypemuclei from the f i t t ing, the exponential form of the 
A-nucleus potent ia l gives a semi-quanti ta t ive account of the 
ground s t a t e B^i^  da ta of light hypemuclei. On general 
plausible grounds, we expect t h a t our t rea tment would apply 
only t o nuclei lying on the s tab i l i ty line and very close to 
i t . 
The chi-square {x ) for the 11 da ta -po in t s i s 29.78. 
We find t h a t x does not reduce much by taking a three-body 
ANN potent ia l , with harmonic osc i l l a to r densi ty, in addition 
to the exponential A-nucleus potent ia l . Details are given in 
sec. 2. 
We obtain a semi-empirical formula for the A-binding 
energy in bound s - s t a t e s of light hypemuclei using the 
exponential form for the A-nucleus potent ia l . Without any 
additional parameters , th i s approximate formula gives more or 
l e s s similar r e s u l t s as with the exact cadculations using the 
exponential potent ia l . The predictions are also co r rec t in 
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respect of the bound excited s - s t a t e s of light hypemuclei-
In fact, the send-empirical formula i s even superior in some 
respec t s . Detailed discussion i s given in sec. 3. 
2. B. Calculations of Light Hypemuclei with the Exponential 
Potential : 
With different forms of the A-nucleus poten t ia l we 
carry out exact numerical x - f i t t ing of the ground s t a t e B. 
data of l ight hypemuclei. We find t h a t by excluding four or 
five known troublesome* hypemuclei i .e. the (^H, A^^) 
IS 7 7 
pair, AHS and the (AIJ-/ A^®) P^dx from the data , we a re able 
to get a to lerable f i t when the A-nucleus potent ia l i s taken 
to be of the exponential form. These hypemuclei have been 
2 
excluded as they contr ibute very heavily to the x and a re 
also well known for the problems they have posed for many 
jj—p 
earHer theore t i ca l calculations 
We s e t the radial wave function RQ(r) = 3:;(i^ )/i^  and 
analytically solve the s - s t a t e radial Schrodinger equation 
with the exponenticLL potent ia l , V(r) = ~^o® ' '^^^^ 
parameter a^* appearing in th i s po ten t ia l has been obtained, 
- r / a in a plausible way, by taking the volume in tegra l of e ' t o 
be proportional to the core mass number (A ). This gives 
a. 
a = 
where a' may be taken as a free parameter. Introducing the 
8m.V a p Sm^ l^ E I a -11/2 
parameters a =+ —, (3 =+ , where E i s the 
h L h^ J 
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energy e igenvalue , and, f o r d e f i n i t e n e s s , t ak ing Va t o be 
p o s i t i v e , we have (See Appendix P ) : 
X{r) = A Jp(ya e"^ /^^) + B Yp(yS e"'^/^^) . [2.1] 
When P i s n o t an i n t e g e r o r z e r o , Y„(r) i s simply 
equal t o J_„(r). As r > co , t h e argument of bo th J^, and Y„ 
van i shes and s ince Y„ i s no t well behaved a t ze ro , t h e 
coe f f i c i en t of Yp h a s t o be p u t equa l t o z e r o . 
F u r t h e r , s ince R (r) = ;t(r)/r , i t follows t h a t ;t:(0) = 
0. There fo re , 
Jp(yS ) = 0. 
For r e a l f3, t h e funct ion Jrjy^ ) h a s an i n f i n i t e number of 
r e a l z e r o e s . The n p o s i t i v e ze ro of t h i s funct ion can be 
e x p r e s s e d a s t h e following expansion : 
•^ = r - - | - i 1 + 4 + ^ . + , [2.2] 
^ L 3(43^) 15 (4r ) -• 
where q = 4[f, r = (P - ^ + 2n)J , Q^= 7q - 31, 
Q_= 83q^ - 982q + 3779, 
In t h i s form, i t i s r e a l l y a l i t t l e complicated t o g e t t h e 
energy fo r given p o t e n t i a l p a r a m e t e r s - So, i n s t e a d of us ing 
[2.2], we c a r r y o u t e x a c t numerical f i t t i n g of ground s t a t e 
B. d a t a of t h e l i gh t hypernuc le i with c o r e mass number 
ranging from 2 t o 15 us ing t h e exponenticil A-nucleus 
p o t e n t i a l . Wherever, t h e r e a r e two o r more neighbouring 
hypernuc le i having same mass number, t h e exper imenta l B. i s 
t aken t o be t h e a v e r a g e va lue . Thus, whereas t h e r e a r e only 
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eleven data-points , t he re are many more hypernuclei. 
The X i s defined as 
where the symbols have the i r usucil meaning, with the 
summation extending t o a l l the da ta -po in t s . The 
experimentally quoted value i s taken to be ^^''^(t.) ± 
AB^ (i). As e r r o r bar in the experimental B. da ta of .0 i s 
not available, we have taken a plausible value of 5% of the 
B?*''' as the e r r o r in the datum. Total x corresponding t o the 
bes t f i t parameters , V = 101.0 MeV and « '= 1.22 fm i s found 
to be 29.78. 
Subsequently, we add t o the exponential potent ia l , 
assuming i t t o be the A-nucleus poten t ia l in the folding 
model, three-body ANN in te rac t ion potent ia l , taken to be same 
as the three-body NNN in te rac t ion of I. Ahmad , i.e. 
c u 
where W denotes the s t reng th of the three-body force, C = 
0.3yn/5 and ot^  = 0.99 A . The density p(r) i s chosen t o be 
of harmonic osc i l la tor form : 
P(r) = Pot 1 "*" r'(r/a'f] e " ( ^ / ^ ' ^ , [2.4] 
where p^ i s determined from the normalisation conditions. 
Harmonic osc i l la tor form of densi ty i s chosen on account of 
simpUcity and because many of the light nuclei considered 
here have experimental charge density of harmonic osc i l l a to r 
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form. Instead of following the usual and the more reasonable 
procedure of obtaining the density parameters of individual 
nuclei by equating the theoreticcil r.m.s. radius t o the 
experimental value, we t r e a t y', a' and W as additional f ree 
parameters. Since, we only want to roughly see the effect of 
the three-body force, even th i s procedure may be to le ra ted . 
;:t:^-fitting of the ground s t a t e B. da ta of the 11 da ta -po in t s 
i s again carr ied out. For the bes t f i t parameters , V = 100.2 9 
MeV, o('= 1.23 fm, r'= 1.49, a '= 5.68 fm and W =^ 10.51 MeV, X^ 
i s 29.52. Thus, despi te inclusion of the three-body force, no 
significant improvement i s obtained. I t i s possible t h a t 
the re would have been more improvement if the b e t t e r 
procedure for finding the density parameters had been 
followed, but we ignore any fur ther considerat ion of the 
three-body force. Perhaps, the effect of the three-body i s 
already simulated when the parameters of the two-body force 
are obtained from da ta - f i t t ing . Hence, in Table 1, we give 
the r e s u l t s of B^ calculat ions (Set A) only for the case when 
the two-body exponential A-nucleus po ten t ia l i s used. 
Predicted B^ values of the excluded hypernuclei a re also 
shown in the table . 
3. A Semi-empirical Formula for the A-Binding Energies of 
Light Hypernuclei : 
As shown in the ea r l i e r section, exponential form of 
the A-nucleus potent ia l gives a semi-quanti ta t ive fi t t o tVie 
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ground s t a t e B^ data of the light hypemuclei considered 
here. We have also obtained a semi-empirical formiiLa for the 
B» of light hypernuclei, s t a r t i n g from the exponential form 
for the A-nucleus potent ia l . Apart from other reasons which 
we hint l a t e r , formula [2.2] i s very unwieldy. One wants a 
simpler formula. 
Here, we use equation [2.2] t o derive the desired 
semi-empirical formula for B^. In equation [2.2], we estijnate 
the magnitudes of the 2 and 3 term, within the square 
brackets , for a range of energy eigenvailues, say from | E | = 0 
to roughly the expected value of B^, with A ranging from 2 
to 25. We take ex' = 1.22 fm, as obtained ea r l i e r from the B^ 
f i t t ing of the ground s t a t e data of l ight hypernuclei. This 
value of a ' i s , however, not crucial for our calculat ions. 
Any other reasonable choice of a' would give more or l e s s 
same resu l t . Even the maximum magnitude of the 2 and 3 
terms, in the mass number range 2 t o 25, i s found t o be very 
smeQl compared t o unity and fur ther these a re of the opposite 
sign, making the net contribution even smaller. Their 
contribution for nuclei in the low mass number region i s even 
l e s s than i t i s for the re la t ive ly higher mass numbers. Thus, 
we neglect all the terms o ther than unity in the square 
bracket in equation [2.2]. Then, [2.2] may be writ ten as 
•^ = r - - 3 ^ . [3.1] 
Substi tuting for a, y and [i in the above equation and 
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simplifying we get 
, 2 2 / 3 - 2 / 3 2 
BA - 2^ (C ^ + ^ ) ± [C .^-^ ^ ) ' - ( n - 2 ) ( - ^ + 
-, l / 2 - v 2 1 / - ^  
[3.2] 
2/3 , ,1/3 
2 TT CX'A p ^"*A o l * ' ^ ^ 
where f = - (- -2n) and f,= — — . For the 
ground s t a t e , n = 1. With V and a ' as free parameters , t h i s 
approximate formula i s then used t o calcula te the ground 
s t a t e B. of l ight hypernuclei. 
We find t h a t formula [3.2] with the posi t ive sign for 
the 2'^  term within the curly bracket gives reasonable values 
of B. whereas when negative sign i s chosen, quite unrea l i s t ic 
values are obtained. Thus, on th i s bas is , we r e t a in only the 
posi t ive sign for the 2 term within the curly bracket in 
our formula [3.2] throughout the calculat ions. 
Treating V and a' as adjustable parameters , 
X - f i t t ing i s carr ied out for the ground s t a t e B. data of the 
light hypernuclei with core mass number ranging from 2 to 15. 
The pair (^H, y^He), ^He and the pair ULi, A'^^^ ^^^ again not 
included in the light hypernuclei considered by us for the 
reasons already mentioned in sec. 2. However, the B. of these 
hypernuclei has been predicted. As before, wherever, t h e r e 
are two or more hypernuclei having same mass number, the 
experimental B. i s taken to be the average of t he se 
neighbouring nuclei. 
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The calculated B. corresponding t o the bes t f i t 
parameters, V^= 100.88 MeV and a' = 1.22 fm, are shown as Set 
B in Table 1. Total x corresponding t o the 11 da ta -po in t s i s 
30.61. This may be taken as a fa i r agreement. The predicted 
B. values of the excluded hypernuclei a re also shown in the 
table . Thus, formula [3.2] i s the semi-empirical formula for 
B. of light hypernuclei t h a t we were looking for. 
The calculations repor ted above, with the 
semi-empirical formula as well as numericcLlly, have been 
carr ied out using the free mass of the A-part icle. However, 
when we take the reduced mass of the A-core-nucleus system 
ins tead of the free A-mass in the exact numerical 
calculations, r a t h e r surprisingly, the x i s found t o 
increase to about 134 compared to about 29.78 with the free 
A-mass. This quanti ty i s reduced by about 10 when a ANN 
three-body force term i s added. On the o ther hand, when the 
t runcated expression [3.2] for the energy i s used, the 
already low x i s actually reduced by a smaill amount i. e. 
from 30.61 t o 28.90. However, the parameters for the case 
when the reduced mass i s used are a l i t t l e different from the 
case where the free A-mass i s used. These are , V = 84.56 MeV 
' o 
and a' = 1.52 fm. 
The s i tua t ion repor ted above strongly indicates t h a t 
there i s some unphysical f ea tu re in the exponential po ten t ia l 
which i s suppressed when the ' t runcated ' expression [3.2] i s 
used for the energy. Thus, eqn. [3.2] may be regarded as a 
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sa t i s fac tory semi-empirical formula for the B^ of l ight 
hypemuclei, being even superior t o the exact formula [2.2]. 
Expressing B. (from eq.[3.2]) in powers of A does 
not give good r e s u l t s , presumably due to crudeness of the 
approximation involved. 
Our formula or r a t h e r a more simplified form of i t may 
also be used t o predict the B. of bound excited s - s t a t e s of 
the light hypernuclei. With V and en' as obtained above, the 
contribution of • ^~ in [3.1] i s found to be l e s s than about 
5% of the f i r s t term r on the r ight hand side for the 
hypernuclei considered here. Thus, neglecting g , for a 
qual i ta t ive discussion, we may s e t 
yS = }- = (p - i + 2n) J . [3.3] 
As n i s posi t ive , r can have only posi t ive values. 
This jus t i f i es the convention we s e t e a r l i e r of taking -/a as 
posi t ive. From [3.3] above, we get the following condition on 
n , the maximum value of the principal quantum number, for 
existence of an excited s - s t a t e to be j u s t bound in a given 
hypernucleus 
n < ^ ^ + L , [3.4] 
max TT 4 "- ' 
Filing V and «' as obtained above, the right hnrid 
side of inequality [3.4] i s fixed for a given hypernucleus. 
When the right hand side of the above i s a quant i ty smaller 
than unity, i t follows t h a t no bound s - s t a t e ex i s t s as the 
smallest value of n i s unity. When the f i r s t s - s t a t e i s not 
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bound, there i s no question of any o ther s t a t e being bound. 
When the right hand side l i e s between 1 and 2, t he re i s only 
one bound s - s t a t e . For one bound excited s - s t a t e to exist , 
the value of the right hand side has t o l ie between 2 and 3, 
and so on for o ther excited s - s t a t e s . However, a disagreement 
may accidentally a r i s e when the r ight hand side i s very close 
to an in teger because of the approximation we have made. 
Thus, when the right hand side of [3.4] i s very close t o an 
integer , the prediction can not be fully relied upon. 
Using the free A-mass in [3.4], we find t h a t the 
2 s - s t a t e s of all our l ight hypernuclei, below A = 15 are 
unbound. The 2 s - s t a t e of A = 15 hypernuclei i s found t o be 
j u s t bound, which, however, becomes unbound for sl ight 
var ia t ion in the parameters . The l igh tes t hypernucleus for 
13 12 
which a bound excited s t a t e has been observed i s .C. 
However, th i s i s found t o be a I p - s t a t e and hence does not 
necessar i ly pose a contradiction. In hypernuclei l igh te r than 
y^ C, no bound excited s t a t e has been observed. In .0 also, a 
13 
bound excited s t a t e has been shown t o exis t but again i t 
has been predicted to be a I p - s t a t e . There seems t o be no 
explicit information whether the 2 s - s t a t e in ^O i s bound or 
unbound. However, i t may be noted t h a t assignment of the 
excited s t a t e s as Ip-, 2 s - , . .etc. i s based on the simple 
par t ic le-hole p ic ture of the process . The ac tual s t a t e s a re 
mixed ones. So, what we say here has to be regarded as a 
r a the r qual i ta t ive discussion. 
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Using the reduced mass of the A-core-nucleus system 
and employing the corresponding parameters , the only 
differences t ha t we find from the above a re t h a t for A = 2, 
the corresponding hypernucleus i s predicted t o be j u s t 
unbound and ins tead of the f i r s t bound excited s - s t a t e 
appearing f i r s t time for A = 15, appears in th i s case for A = 
16. In the absence of any rel iable experimental information, 
the change i s inconsequential. Also, the former need not be 
regarded as a setback for two reasons : one i s t h a t when the 
value of the right hand side of [3.4] i s very close t o an 
integer, as i t i s in th i s case , the prediction may not be 
rel iable. However, more in te res t ingly , by s t re tching things a 
l i t t l e bit , we may i n t e r p r e t t h a t the theore t ica l ly predicted 
3 
value i s the mean of the A-neutron-neutron and the .H systems 
and the average of the two would presumably rep resen t an 
unbound s i tuat ion. 
For A = 1.0, we get , using the free A-mass, Va = 2.01, 
hence 
1 - - Z = o-« ' ' 
which i s l e s s than unity. Therefore, .H i s found t o be 
unbound in accord with the observation. Same r e s u l t i s 
obtained taking A-core-nucleus reduced mass. This i s an even 
more in t e res t ing r e su l t . 
The way we have t r e a t e d excited s t a t e s above, might, 
a t f i r s t sight, suggest t h a t we are t r e a t i n g hypernuclear 
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excitations as pure t r an s i t i ons from the ground t o a higher 
level in a s t a t i c po ten t ia l well (the exponential potential) , 
but t h a t pic ture does not real ly apply because formula [2-2] 
or [3.4], a f t e r the t runcat ion, i s not excatly t h a t for the 
exponential potent ia l or for t h a t mat te r for any potent ia l . 
However, as we have already said the assignment of excited 
s t a t e s i s i t s e l f a qua l i ta t ive thing. 
Our formula does not give even to lerable r e s u l t s for 
medium and heavy hypernuclei, even with new s e t of 
parameters. This i s qui te expected. However, i t i s a useful 
formula for light hypernuclei. 
4. Conclusion : 
The main v i r tue of the exponential potent ia l , from our 
point of view, i s t h a t i t leads to a semi-empirical formula 
for the light hypernuclei, which, besides reproducing the B^ 
fairly well, makes o ther reasonable predictions also. 
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TABLE CAPTION 
Table 1 : R e s u l t s of x - f i t t i n g of B^. S e t A i s ob t a ined 
from numerical f i t t i n g using exponen t ia l form of 
A-nucleus p o t e n t i a l . The b e s t f i t p a r a m e t e r s f o r 
X^= 29.78 a r e : 
V = 101.00 MeV and a ' = 1,22 fm. o 
S e t B i s ob ta ined us ing formula [3.2]-
2 
The b e s t f i t p a r a m e t e r s , f o r x = 30.61, a r e : 
V = 100.88 MeV and a ' = 1.22 fm. o 
The B^^ vcdues marked by an a s t e r i s k f o r bo th 
t h e s e t s a r e t h e p r e d i c t e d v a l u e s . 
lot 
TABLE 
H y p e r n u c l e i 
1" 
4. 4 
A 
A 
7 7 
' L i , ' B e A A 
B „ 8 , . 8 _ , 
. H e , . L i , . B e A A A 
!'-'•>-1^ 
' A B - ' A « 
" « 
' ^ • ' A -
A^ 
A^ 
' A " 
'A° 
A 
c 
S. 0 
3 . 0 
4 . 0 
5 . 0 
6 . 0 
7 . 0 
8 . 0 
9 . 0 
1 0 . 0 
1 1 . 0 
I E . 0 
1 3 . 0 
1 4 . 0 
1 5 . 0 
A A 
CMeVD 
0 . 1 5 
2 . 2 2 
3 . 1 2 
4 . 1 8 
S . 3 7 
6 . 9 3 
7 . 7 1 
9 . 0 0 
l O . 2 4 
1 1 . 0 6 
1 1 . 6 9 
1 2 . 1 7 
1 3 . 5 9 
1 3 . 0 
+ 
+ 
+ 
± 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
0 . 0 5 
0 . 0 4 
0 . 0 2 
0 . l O 
O. OS 
O. 2 6 
0 . 1 1 
0 . 1 7 
0 . 0 5 
0 . 1 2 
0 . 1 2 
0 . 3 3 
0 . 1 5 
c a l 
^A 
S e t A 
0 . 0 6 
* 
1 . 2 8 
2 . 7 9 
4 . 2 7 
S . 6 5 * 
6 . 9 1 
8 . 0 7 
9 . 1 4 
1 0 . 1 2 
1 1 . 0 4 
1 1 . 8 9 
1 2 . 6 9 
1 3 . 4 4 
1 4 . 1 5 
CMeV:) 
S e t B 
0 . 1 0 
1 . 8 6 
3 . 5 8 
4 . 3 3 
m 6 . 6 4 
6 . 9 6 
8 . 1 1 
9 . 1 6 
l O . 1 3 
1 1 . 0 2 
1 1 . 8 5 
1 2 . 6 2 
1 3 . 3 4 
1 4 . 0 1 
* P r e d i c t e d B^ v a l u e s A 
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C H A P T E R 
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A SEMI-EMPIRICAL FORMULA FOR THE ENERGY SPACINGS IN 
A-HYPERNUCLEAR EXCITATION SPECTRA 
1. Introduction : 
A-hypernuclei have been studied extensively during the 
pas t more than th ree decades. In the l a s t decade, the 
s t rangeness exchange (K ,rT~) react ion on nuclei has played a 
cent ra l role in hypernuclear spectroscopy. These reac t ions 
are charac ter i sed by small momentum t r a n s f e r and are 
effective in producing subs t i tu t iona l s t a t e s in which A has 
the same orb i ta l as the neutron i t replaces . The A c rea ted a t 
r e s t has a sizeable ^sticking probability' for remaining 
bound t o the nucleus in a low spin- s t a t e . These reac t ions 
populate preferent ia l ly s t a t e s of low angular momentum. In 
(K ,iT ) spec t ra of medium and heavy nuclei, s t a t e s 
corresponding to deep-lying hyperon orb i ta l s a re generally 
not observed. 
Recently, t he re has been a surge of i n t e r e s t in the 
hypernuclear field due t o the new da ta on hypernuclear 
formation and spectroscopy, made available from the s tud ies 
of associa ted production (fT*,K ) react ion. This react ion has 
been found to be effect ive in populating the deeply bound 
A-single par t ic le levels in heavy hypernuclei. For nuclei 
over a large mass number range. A-single-part icle s t a t e s have 
been obtained by th i s method 
Some of the ea r l i e r A-hypernuclear spec t ra were 
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analysed by Bouyssy who gave an apparently s a t i s f ac to ry 
account of the then avcdlable data by assuming pure 
part icle-hole s t a t e s in a single par t ic le A-nucieus 
Woods-Saxon (W-S) poten t ia l with an empirical term giving the 
nucleon, r a t h e r the neut ron- hole spin-orbi t spl i t t ings: 
u^ (r) - -v^  f(r). v);- t.s c - ^ r i i , 
where f(r) = [1 + exp {(r - R)/a}]~* . 
The degeneracy of the different J -va lues resul t ing from the 
configurations was removed by assuming a residuad AN 
in terac t ion : 
where a i s an adjustable parameter and the s t r eng th V i s 
re la ted t o V^ via in te rna l consistency of the shell model. 
This made i t possible t o assign the J t o the given s t a t e . At 
3—7 
about th is time, an eilternative approach was adopted to 
describe the s t a t e s observed in the reac t ions as a coherent 
sum of par t ic le-hole s t a t e s designated as ancilog and 
super symmetric. At t h a t time, i t was fe l t t h a t the angular 
dis t r ibut ions would decide between the pure par t ic lo-hole 
s t a t e s of Bouyssy and the mixed s t a t e s considered by DaLitz 
and Gal and o thers . 
With the analysis of the angular dis tr ibut ion, the 
mat ter seems t o have been decided definitely in favour of the 
mixed s t a t e s ' , but t h a t i s not our concern here. 
lijji 
without the s l igh tes t prejudice to the accepted na tu re 
of these s t a t e s , we find t h a t the A-hypernuclear excitat ion 
energy over the whole range of mass numbers can be described 
fairly well as the combination of A-excitation, described by 
a three-dimensionail harmonic osc i l l a to r and a neutron-hole 
(N )^ eKcitation described again by a three-dimensional 
harmonic osc i l la tor along with a sui table spin-orbi t 
po ten t ia l for the N^. We do not suggest even obliquely t h a t 
the osc i l l a to rs give the corresponding wave functions, but 
the fact remains t h a t they cer ta in ly give a semi-quant i ta t ive 
account of the energy spacings. The A-oscl l la tor frequency i s 
described by two adjustable parameters , while the N^ 
frequency by a single parameter only. Another adjustable 
parameter i s for the spin-orbi t spl i t t ing. The osc i l l a to r has 
been broadly mentioned in the context of the spec t ra , but no 
one seems t o have performed such calculat ions ear l ie r . 
However, besides Bouyssy , Dalitz and Gal , e tc . , many 
numerical calculations have been carr ied out which give a 
good account of the binding energies, c ro s s - s ec t i ons , angular 
d is t r ibut ions etc . . A-single-part icle energies have also been 
successfully analysed in the Skyrme Hartree-Fock approach in 
terms of A-nucleus po ten t ia l s and taki.ng three-body ANN 
force into account. A comprehensive review of 
A-single-part icle s t a t e s produced in (K ," ) and (IT ,K ) 
experiments has been given by Bando e t a l . Many e labora te 
calculations discussed are numerical, whereas the p resen t 
l U C 
work i s different in the sense of i t being analyt ical , 
although more approximate. 
As most of the da ta used here i s obtained from the 
diagrams given in the l i t e r a t u r e and also as experimental 
e r r o r s in all the binding energies considered here are not 
available, we have assigned a plausible value of 5% t o 
experimental e r r o r s to cons t ruc t what we cal l the simulated 
chi-square (x ). This has been done simply t o provide a 
c r i te r ion for adjusting the parameters and judging the 
quality of the f i t . 
The mat ter of the wave function not withstanding, 
Bouyssy was able to give a s a t i s f ac to ry account of the 
energy spacings by performing numerical calculations with his 
potent ia l . Our work i s broadly in the sp i r i t of Bouyssy and 
the o ther authors , except for confining ourse lves t o 
predicting the energy spacings. Use of the osc i l l a to r s gives 
us an analyt ical expression, though cer ta inly somewhat crude, 
for the energy spacings. I t i s c lear t h a t the fair amount of 
success achieved here should not be taken as any indication 
of the co r rec tness of Bouyssy's philosophy of pure 
par t ic le-hole s t a t e s . Our objective i s very limited, i.e., t o 
give a semi-empirical formula for the energy spacings of the 
observed spec t ra . The analyt ical expressions, though 
approximate, enables one to see some dependences. 
The quantum numbers of the outer-most neutron orbi t , 
raquirod lo r tho coleuiation o£ tiho onorgy apaciiigs, ao 
l O V 
given by eqn. [4.1] in sec.4, a re taken t o be those given by 
the standard shell model sequence of the s ingle-par t ic le 
s t a t e s . The successive excited s t a t e s a re obtained by varying 
the quantum numbers of the two osc i l l a to r s and these are 
l i s ted in the Table 1 t o enable a quick check t o be made on 
the calculations. 
2. General Hypernuclear Excitations : 
The picture required for our limited purpose has 
already been mentioned in the introduction. This i s the bas is 
of the calculations leading to the semi-empirical formula for 
the energy spacings. We do not take th i s p ic ture l i t e ra l ly . 
I t i s useful t o us in so far as i t gives a fairly good 
account of the observed spec t ra l energy spacings. 
In general, we assume t h a t the hypernuclear spec t ra 
a r i se from A- and N^- exci tat ions in t h e i r respec t ive 
n 
harmonic osc i l la tor po ten t ia l s . The A-excitation i s measured 
from the ground s t a t e of A-part icle, while the N^-excitation 
i s measured from the top-most occupied neutron level where a 
hole corresponds t o an unexcited core. Thus, the excitat ion 
energy of the hypernucleus can be considered t o be the sum of 
A- and the N^- exci tat ions. 
n 
The A-excitation energy E» i s given as 
E* = E . - E^  , [2.1] 
where E . i s the energy eigenvalue of the A-3-dimensional 
i sot ropic harmonic osc i l l a to r corresponding t o (n4)-"stat.es. r t 
108 
i s given a s 
^r.1 = (2n^ -^  ^A - 5- ) ^ " A ' t2.2] 
where n .= 1/2,3 ... and i." 0,1,2 ...; E i s t h e o s c i l l a t o r 
ground s t a t e energy cor respond ing t o n»= 1 and ^A= 0, i . e . 
E^^= - f^ ^A- The A - o s c i l l a t o r f requency i s t aken t o be of 
t h e form 
^"A = C A I \ " ' - C A 2 \ ' ' ' ' f2.3] 
where C, . and C. a r e p a r a m e t e r s t o be fixed from a n a l y s i s 
of t h e d a t a . 
As t h e s p i n - o r b i t s p l i t t i n g f o r A i s known t o be 
extremely small . i t i s no t t a k e n i n t o c o n s i d e r a t i o n . 
Consequent ly , t h e A-energy i s labeUed by (n^ only. 
However, spin-oirbit splitting has to be taken into account 
fo r t h e N , t h e energy of which i s , t h e r e f o r e , l abe l l ed by 
(n^j). 
Employing a 3-dimensional i s o t r o p i c harmonic 
o s c i l l a t o r f o r t h e N a s well, i t s e x c i t a t i o n ene rgy can be 
w r i t t e n a s 
E* = E , . - E , . , [2.4] 
h 1 1 1 Z 2 Z 
where (n ^ j ) r e p r e s e n t s t h e t o p - m o s t o s c i l l a t o r o rb i t ed 
occupied by n e u t r o n s and i^z'^,^,^ i ^ ^^^ o s c i l l a t o r o r b i t a l 
which i s a c t u a l l y occupied by t h e N^. We have 
X / v / ' / r ) V*^(r) V^/ r )dT , [2.5] 
E ,. = ( 2n + ^ - J) hco^ + i [j(j+i) - ^(^+1) - J ] 
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where V'p,^ ^^ ^ ^^ ^^^ harmonic osc i l la tor wave function and 
the N^ spin-orbit potent ia l i s chosen, for convenience, t o be 
of the form 
VN'(^) = ^ N ' g(^) ' t2.6] 
h h 
where the radial dependence of the N spin-orbi t po ten t ia l i s 
taken to be of the form 
3 
r . r z 2 
g(r) = 1 - e - ' ^ ^^« ' , [2.7] 
y2R 
with R = r A , r being a parameter fixed a t a fairly 
reasonable value of 1.0 fm. Small changes in r n e c e s s i t a t e 
changes in v without spoiling the f i t . The surface peaking 
h 
of g(r) i s in accord with well-estabJished ideas about the 
spin-orbit potent ia l . For harmonic osc i l la tor wave function 
and V (r) given above, eqn. [2.5] reduces to (for n = 1) 
h 
E^^ . = [ 2n + ^- i ]ha>^ + [j(j+l) - ^^+1) - | ] v^" x 
h h 
h 
2R^+ b^ 
where R. = , b = and v ^ i s the N, 
^ 2R'b' ^h K ^ J ^h 
spin-orbit s t rength which will be t r e a t e d as an adjustable 
parameter. For n = 2, r e s t i s same as given by [2.8] but the 
expression within the curly bracket in [2.8] i s 
no 
{(":->T- -^("-r'] [":-:'] - ^f^i^jy] • t^ -9] 
The osc i l la tor frequency of the N i s taken t o be of 
the same form as given in the l i t e r a t u r e for the neutron 
12 
osci l la tor frequency 
hco = C A - ' ^ ^ - C A - ' , [2 .10 ] 
with C = C.. - d and = C.._ - d where C. _ _ C - V- v^  , _ 
N 1 N l N N 2 N 2 N ' N l 
n n n n 
and 
NZ 
are parameters for the neutron given in the standard 
i z l i t e r a t u r e . These have been obtained by f i t t ing the r.m.s. 
radius of the nuclei. Since t he re i s no apr ior i reason t o 
assume t h a t the value of the parameters for the N^ and the 
neutron are same, we take d^  ae an adjustable parameter. 
h 
Thus, excitat ion energy of the A-hypernucleus 
(measured from the ground level) can be wri t ten as (for n^ = 
n = 1) 
2 ' 
» * * E = E . + E A N 
3 
= [2n.+ ij,- 2]hoo. + [(2n + t )-(2n + ^„)]hw^, + v^° -
• • A A - " A " - ^ i I ' ^ z z'-" N N /x- p * 
( n ^ - l ) ! ( ^ ^ + z ) l [ j ^ ( j ^ + t ) - ^ ^ ( ^ ^ H - i ) - J ] 
R 
(^^+a) (2^^+a) 
N. 
r(n^.- l^^• i ) 
n 
(^ +3) (2^+3 ) 
R. t> . r (n + ^ + - ) 
b N , ^ 2 2 2 ' 
. , 1 ^ 2 . 
n + t —— 
1 1 2 
n - 1 
1 
{( "/'I } 
[2.11] 
in 
For e i ther n^  or n = 2, t he i r respect ive expression within 
the curly bracket, in the above equation, should be replaced 
by [2.9]. At the expense of some additional small e r ro r , wo 
could have used, for the N^ spin-orbi t spl i t t ing, the simpler 
formula for the nucleon spin-orbi t spl i t t ing given in the 
l i t e r a t u r e 
AE = 1.4 V* ( ^ + r ) A / , [2.12] 
Thus, the excitation energy E (using eqn.[2.12]) may be 
writ ten as : 
i . ] « C 1 - '".^o D } 
- Z / 3 
c 
2 2 2 ^ 2 : 
[2.11' ] 
3. Results and discussion : 
Using [2.11], we carry out x - f i t t ing of all the 
available excitation data over a large range of mass numbers 
assuming a cer ta in fixed percentage e r r o r for al l the nuclei 
2 . 
considered. The x is defined to be the quantity 
where the experimentally quoted value is taken to be B* (i) 
± ABT''''(i), the summation extending to ail the data points. 
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AB. i s chosen to be an average percentage e r r o r of 5% for 
all the nuclei. This seems quite r ea l i s t i c . Here the value of 
X i s not to be taken as justifying the above pic ture which 
i s over-simplistic, as already indicated. The value of the 
simulated x should be taken only to convince t h a t our 's i s a 
semi-quanti tat ive formula for the spec t ra l energy spacings. 
Our input da ta cons i s t s of the spec t ra of the hypernuclei/ 
<S^ • 7 ^ . P ^ 1 2 „ 1 3 „ 1 < 3 „ 2 7 , , 2 B „ . BZ _ 4 0 „ 5 1 „ 
^Li, ^Li, ^Be, ^C, ^C, ^O, ^Al, ^Si, ^ S , ^Ca, ^V, 
B P , , , 2 0 P „ . 
^Y, and ^Bx. 
Keeping C and C fixed a t t he i r respec t ive values 
i.Z 2 
given in the standard l i t e r a t u r e , x - f i t t i ng of al l the 
available hypernuclear data t r e a t i n g C^ ^^ , ^A2' ^N "^*^ ^N ^^ 
h h 
adjustable has been carr ied out. The r e s u l t s a re given in 
Table 1. The bes t f i t parameters , for ^^'*' ' taken as 5% , a re 
C^ = 38.68 MeV, C^ = 34.41 MeV, d^ = -19.48 MeV and v^ = -
4.48 MeV, giving t o t a l x^ = 49.78 for th i r ty - two d a t a -
points. With our limitation i t i s jus t i f ied t o regard t h i s as 
a semi-quanti tat ive f i t . If we use [2.11' ] we get more or 
l e s s similar r e s u l t s , with x ^= 59.86. So, we may use the 
simpler formula, a t the expense of a small increase in the 
t o t a l X ' The bes t f i t parameters in th i s case are C^^= 
38.36 MeV, C^ = 33.88 MeV, d^ = 25.42 MeV and vj^= 18.04 
h h 
MeV. Our spin-orbit spl i t t ing for N^ i s comparable t o t h a t 
for ordinary nucleons in conventional nuclear physics 
obtained from nucleon-nucleus sca t te r ing , e tc . 
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Wo umploy Houyuuy'u notaUon lo r tlio ground s t a t e only 
for the purpose of get t ing the level-spacing with respec t t o 
the ground s t a t e energy and then the successive excited 
s t a t e s a re obtained by varying the quantum numbers. The task 
i s eas ie r if the somewhat more approximate formula [2.11' ] i s 
employed. 
For the hypernuclei studied in th i s work, ail the 
excitation energies upto the highest value observed for t h a t 
nucleus are calculated. Transit ions marked by an a s t e r i s k do 
not involve any N. t r ans i t ion in our pic ture of the 
osc i l l a tors . I t i s seen t h a t many levels have not been 
observed in the experimental spec t ra . Such a s i tua t ion i s 
well known. We may point out t h a t re la t ive ly a smaller number 
of the s t a r r e d s t a t e s i s not observed. Possibly some of the 
unobserved s t a t e s have merged out t o produce the neighbouring 
s t a t e observed in the experiment. We note t h a t in most ca se s , 
the f i r s t excited s t a t e a r i s e s from pure A-excitat ions, but 
in two of our cases (i.e. .0 and A^a)/ the f i r s t excited 
s t a t e a r i s e s from neutron-hole excitation. In .0 the hole 
4 0 
t r a n s i t i o n i s Ip > •'-Pa/z ^^'^ •"^  A^^ •'"''' '^^ ''"'^ a/z * 
2 
2s^^^. In passing, we may mention that the simulated x would 
be reduced by about 4 if the observed excitation of 21.5 MoV 
for ^Li is identified with the third rather than the second 
excited state. 
In "^ C^a, 15 excited states have been calculated (only 
10 are shown in the table). The energy of the 15 predicted 
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and the observed excited s t a t e i s 30.94 MeV and 31.50 MeV, 
20£> , 
respectively. In ^^ Bx , only one s t a t e has been observed and 
on the basis of our calculations i t i s the 38 excited 
s t a t e . Remembering t h a t the energy resolut ion i s about 3 MeV, 
i t seems t h a t almost al l of t hese s t a t e s have been averaged 
out because of t he i r close spacing. Therefore, such levels as 
a r i se from spin-flip e tc . or where the s ingle-par t ic le s t a t e s 
are too close are al l washed out giving an average 
dis t r ibut ion in accord with observat ions . Further, since the 
deep hole s t a t e s a re highly excited, these have a large 
width. Consequently, these are almost completely washed out 
giving a smooth c ross - sec t ion . Thus, whereas in (K ,Tr ) 
react ion giving .Ca some s t r u c t u r e corresponding t o r a t h e r 
deep holes i s observed, the c ros s - sec t i on i s completely 
smoothed out where the same nucleus i s produced in (rr ,K ) 
reaction. 
Since in the region of heavy nuclei, for most s t a t e s , 
the spacing i s very small, and since our formula gives the 
energy spacings with an e r r o r of a l i t t l e over 1 MeV, i t 
follows tha t the formula would be useful for nuclei ranging 
from light to medium-heavy but generally not as useful for 
very heavy nuclei like Bi. In the region where the neutron 
sub-shel ls a re bunched r a t h e r closely or those hypernuclei of 
the Ip-shell in which the outer-most neutrons are in the 
Ip-shell, one should expect t h a t the neutron-hole excitat ion 
would occur a t a lower energy than the A-excitation. So, one 
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expects tha t for these hypernuclei, the f i r s t excited s t a t e 
a r i se s from neutron-hole excitat ion only. However, for 
reasons given above, th i s only makes sense if the 
hypemucleus i s not too heavy. The s i tua t ion in ^O and ^Ca 
i s according to the above expectations. 
4. Prediction of Pure A-Excitations from some Hypemuclear 
Ground State Calculations : 
For s t a t e s of pure A-excitations, i.e. those in which 
the Nj^  i s in the top-most occupied orbi ta l , the A-binding 
energy in an osc i l la tor orbi t (n^ , denoted as (By^ )^ ^ ^ may 
be writ ten as 
(B^)^^= (B^)^+ [2 - ( 2n + ^ )] ha>^  , [4.1] 
where (B.) denotes the ground s t a t e A-binding energy and hco^ 
i s the A-oscil lator frequency. 
I t can be easi ly seen t h a t the . condition for having 
only one bound s t a t e in the A-nucleus potentied i s 
In microscopic calculat ions, the wave function may be 
regarded as a superposit ion of severa l osc i l l a to r s t a t e s . 
However, if crudely, the A i s assigned a pure osc i l l a to r 
s t a t e of a cer ta in frequency w., the l a t t e r may be obtcdned 
by equating the expectation vedue of the kinetic energy t o 
-hoo.. Variational Monte Carlo calculat ions ' of B^ ,^ from 
which CO. can be ext rac ted in the above manner, a re available 
A 
'^" A"' A"' A"^' A"'=^  ^"" A^  to us for .H, .H, .He, .He and .Be. I t can be easily seen 
I IG 
from the value of our parameters t h a t the dis tance between 
the neighbouring N - shel ls i s always l a rger than t h a t 
between the A-shells. Therefore, i t i s predicted t h a t the 
f i r s t excited s t a t e in al l I s - she l l nuclei shall be a pure 
A-excitation. In Is ^-shell , N . - t rans i t ion seems t o have no 
1/2 ' h 
meaning. We can easi ly see t h a t for the Ip-shel l nuclei 
having nucleons upto Ip - shell only but not in the 
Ip - she l l the only N. - t rans i t ion can be from 
lp.^ ^_ * Is^ ^,. From the simpler formula [2.11'] i t can be 
easily seen t h a t for all these nuclei the N^-transi t ion 
energy i s cer tainly l a rger than the pure A-excitation energy. 
Further, for Ip-shell nuclei having nucleons in the 
Ip -shel l as well, the lowest N. - t rans i t ion i s Ip^ ^, * 
IPox, ^"d th is energy i s also l a rger than t h a t of lowest 
9 / 2 
pure A-excitation. Therefore, the lowest excitat ion for al l 
the nuclei i s the A-excitation i.e. the excitat ion energy i s 
However, the excitat ion data are available only in 
respec t of .Be which i s a Ip-shel l hypernucleus. Thus, the 
f i r s t excited s t a t e a r i se from pure A-excitation. The value 
of hw. extracted from microscopic calculat ions s a t i s f i e s 
inequality [4.2] above in accord with the observation in t h a t 
th i s nucleus has only one bound excited s t a t e . 
Results of Ip-shell phenomenological calculat ions of 
Shoeb and Rahman Khan , using osc i l l a to r wave functions, and 
employing, in addition t o the two-body AN force also a 
three-body ANN force, a re cons is tent with the above 
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predictions in all the cases for which the da ta a re available 
and for which the calculations were carr ied out. Two of the 
four gaussian AN potent ia l s , along with the three-body ANN 
force, employed in ref. 17, a re also cons is ten t with the 
predictions. A comparison with the work of Mujib e t al . 
brings out the significance of three-body ANN force in th i s 
context. 
The predicted values of hco. from empirical re la t ions , 
hto^= 60 A~ , given by Auerbach and Gal ; '^'"A= 27 
A^  ,given by Bouyssy and hw. = C^-A^ - ^A2 c used 
by us are not very different for medium and heavy nuclei, but 
a re markedly different for l ight nuclei. I t , the re fore , 
follows t h a t spec t r a l s tudies of light nuclei would help in 
discriminating between the various formulae for ^^^A-
5. Conclusion : 
A semi-quanti tat ive formula, giving the energy 
spacings of the A-hypernuclear excitat ion data over a largo 
mass number range, i s presented. However, the simple pic ture 
of the osc i l l a tors employed for the purpose of giving the 
semi-empirical formula i s not close to rea l i ty , although i t 
might well turn out t h a t by inclusion of a res idual 
in te rac t ion and some a l t e ra t ion in the value of the 
parameters , i t might get us qui te close t o the more r e a l i s t i c 
s i tuat ion. We en te r t a in th i s hope because the agreement 
achieved can not be ent i re ly for tu i tous , but such conjectures 
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are not crucial for the jus t i f ica t ion of the work repor ted 
here. The picture i s used only t o obtain a semi-empirical 
formula to account for the observed spectrcLL energy 
spacings. Our formula seems t o be s a t i s f ac to ry for l ight and 
medium nuclei and perhaps not useftd for heavier ones. 
The idea of harmonic exci tat ion allows us t o make 
reasonable predictions about the excited s t a t e s from 
microscopic or phenomenologLcal calculat ions of hypernuclear 
ground s t a t e s . 
I t i s pointed out t h a t study of l ight nuclei i s likely 
to be more useful for discriminating between the var ious 
empirical formulae for hw.. same should apply t o formulae for 
hco . Our formulae show t h a t the level spacings due to pure 
h 
A-excitations as well as due t o N - t r a n s i t i o n get smaller and 
smaller with increasing mass number. This i s , indeed, what 
one expects on general grounds and th i s i s responsible for 
the smearing out of the spec t ra rendering formulae like ours 
almost use less . 
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TABLE CAPTION 
Table 1 : Predicted and observed energy spacings of the 
excited states. The observed energies are given in 
the parenthesis below the predicted value. Also 
given are the quantum numbers of A and N^ 
represented as {ni,nlj) for a given state, where nt 
are the quantum numbers of A and nlj those of N^ .^ 
Values marked by a star are those which do not 
involve any N -transition in our picture of the 
oscillators. In i,Ca, there are 5 more predicted 
excited states out of which the 15 predicted 
excited state has energy 30.84 MeV, whereas the 
observed value is 31.50 MeV. Only one energy 
level has been observed in ^Bi which according to 
our calculations seems to be the 38 excited 
state. 
TAULE 1 
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Hypor-
n u c l o i 
A"-' 
A^^ 
A"" 
'> 
19 
A^ 
> 
> 
9 : 
A = 
A<=» 
51 
A^ 
n o 
A '^ 
l if lofi iy np 
1 
1 0 . 0 5 
( t o . 0 0 ) 
( n . u j ) 
1 0 . 0 7 * 
( 1 0 . 6 0 ) 
1 0 . / . l * 
( 1 .•). 00 ) 
( M , 1 l'^  ) 
1 0 . d l 
( I t ,SO) 
( 1 1 , 1 1 ? ) 
1 0 . 3 3 
( 1 0 . 0 0 ) 
( 1 1 . 1 1 ; ) 
O.f i l 
( 0 . 5 0 ) 
( t o , 1 1 ; ) 
9 . 1 4 * 
(n.oo) 
( 1 1 , 1 2 ; ) 
9 . 0 7 
(o.no) 
( 1 1 , 1 2 ; ) 
0 . 0 3 
(-) 
t i t . ao ; ) 
3 . 4 1 
(-) 
( 1 0 , 2 0 - ) 
7 .97 
( 9 . 0 0 ) 
( 1 1 , 1 3 ; ) 
* 
0 . 9 0 
( 7 . 0 0 ) 
( 1 1 , 1 4 ; ) 
^cincin or 
2 
19 . in 
( 1 9 . 0 0 ) 
( 1 0 , 1 0 - ) 2 
1 9 . 5 9 
(7.1 . 6 0 ) 
( 1 0 , 1 0 - ) 
1 9 . 3 7 
(19.00) 
( 1 0 , 1 0 ; ) 
10.0.1 
( 1 1 . 0 0 ) 
C I , 1 1 ; ) 
1 0 . 0 2 
(-) 
( 1 0 . 1 1 ; ) 
1 5 . 7 2 
(-) 
( 1 0 , 1 1 ; ) 
1 1 . 7 1 
( 1 1 . 0 0 ) 
( 1 1 , 1 2 ; ) 
5 . 0 9 
(-) 
( 1 0 , 1 2 - ) 
0 . 9 3 
(-) 
( 1 0 , 1 ? - ) 
1 1 .41 
( - ) 
( 1 0 . 1 3 - ) 
t.hii OKC 1 V.o 
3 
Z 1 . 7 1 * (-) 
( 1 2 , 1 1 ; ) 
2 1 . 7 3 * (-) 
( 1 2 , 1 1 ; ) 
10 .54 
( 1 7 . 0 0 ) 
( 1 1 . 1 1 = ) 
1 0 . 2 7 * 
( 1 7 . 0 0 ) 
( 1 2 , 1 ? ; ) 
10 . 14 
( 1 0 . 0 0 ) 
( 1 2 , 1 ? ; ) 
1 7 . 0 5 
(-) 
( 1 2 , 2 0 ; ) 
0 . 4 1 
( 9 . 0 0 ) 
( 1 1 . 1 2 ^ ) 
11 . 57 
(-) 
( 1 0 , 2 0 - ) 
1 1 . 34 
( • • ) 
( 1 0 , 2 1 - ) 7. 
t r.t.nl.Df) 
4 
3 0 . 0 4 
( 2 0 . B O ) 
( 1 1 , 1 0 ; ) 
3 0 . 4 0 
( 3 0 . 6 0 ) 
( 1 1 . 1 0 ; ) 
1 0 . 2 1 
(-) 
( 1 0 . 1l";) 
1 1 . 0 3 
(-) 
( 1 1 , 2 0 - ) 
2 
1 3 . 3 3 
(-) 
( 1 0 , 1 ? ; ) 
1 2 . 7 0 
(-) 
( 1 1 , 2 1 ; ) 
MoV) iiuiiiborod nil 1 , 2 . 3 . . . . 
6 
2 0 . 5 4 
( 2 0 . 0 0 ) 
( 1 2 . 1 2 - ) 
2 
1 4 . 1 1 
(-) 
( 1 1 . 1 2 ; ) 
1 5 . 9 3 
( 1 6 . 5 0 ) 
( 1 2 , 1 3 | ) 
1 3 . 9 2 
( 1 4 . 0 0 ) 
( 1 2 , 1 4 ; ) 
e 
2 4 . 0 0 
(-) 
( 1 1 . 1 1 ; ) 
1 6 . 0 3 
( 1 7 . 0 0 ) 
( 1 2 , 1 2 ; ) 
1 0 . 9 0 
(-) 
( 1 1 , 1 ? ; ) 
1 0 . 2 9 
(-) 
( 1 1 , 2 1 ; ) 
7 
2 6 . 4 8 * 
(-) 
( 1 3 , 2 0 ; ) 
1 7 . 9 4 
(-) 
( 1 0 , 1 1 ; ) 
1 9 . 6 3 
(-) 
( 1 1 , 2 0 ; ) 
1 0 . 4 2 
(-) 
( 1 1 , 1 3 ; ) 
8 
2 7 . 0 4 
(-) 
( 1 1 , 1 1 ? ) 
2 0 . 2 4 
(-) 
( 1 2 , 2 0 - ) 
2 
2 1 . 2 9 
(-) 
( 1 1 , 1 ? ; ) 
1 9 . 7 4 
(-) 
(12,2lJ) 2 
9 
2 9 . 3 7 
( 3 0 . 5 0 ) 
( 1 3 . 1 2 ; ) 
2 0 . 3 2 
(-) 
( 1 0 , 1 1 ; ) 
2 3 . 0 9 
( 2 3 . 0 0 ) 
( 1 3 , 1 3 - ) 
2 0 . 0 0 
(-) 
( 1 0 . 1 2 - ) 
10 
f 
1 
1 
.- . j 
2 2.'.';? 
( 2 3 . 0 0 ) 
( 1 2 , 1 2 - ) 7. 
20.117' 
( 2 1 . 0 0 ) 
( 13 . 1.1- ) 2 
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C H A P T E R 7 
1Z4 
SEMI-EMI'IRICAL TORMULAE FOR THE A AND NEU'i'RON-IIOLE 
OSCILLATOR FREQUENCY 
1. Introduction : 
The nucleon-nucleus potent ia l , t h a t descr ibes severa l 
average proper t ies approximately, i s expected t o have an 
in t e r io r region of constant density with a diffused t a i l . For 
medium and heavy nuclei, the Woods-Saxon (W-S) poten t ia l 
offers a good represen ta t ion of the average nucleon-nucleus 
potent ial . However, the harmonic osc i l l a to r has been widely 
employed as the nucleon-nucleus poten t ia l in many s t r u c t u r e 
calculations. The most important reason for th i s choice i s 
t ha t many calculations can be performed analytically using 
osc i l la tor wave functions. Further , leaving aside mat te r s of 
detai l , the osc i l la tor density i s not too bad. These and 
other reasons may be regarded as jus t i f icat ion for the use of 
the osci l la tor . 
Let us have a deeper look a t the use of the osc i l l a to r 
in the shell model calculat ions. In most simple calculat ions, 
the closed shells and the closed sub-shel ls are ignored and 
only nucleons in the one or two ou t e r shells a re taken in to 
account. These nucleons are usually described by osc i l l a to r 
wave functions. For these ou t e r nucleons the W-S wave 
function i s . not expected to be far too different from the 
osc i l la tor wave function. When using the osc i l la tor r a t h e r 
than a more r ea l i s t i c potent ia l , one hopes t h a t parameters of 
J9C: 
the residual in terac t ion take care of the discrepancies. 
Recently, we have carr ied out cedculations (Ch. 6) of 
the A-hypernuclear energy spec t ra over a wide range of mass 
numbers, assuming t h a t the A-particle and the neutron-hole 
move in two sepe ra te osc i l l a to r potent ia l s of different 
2 3 , 
osci l la tor frequencies ' . Though the descript ion of the 
spectrum as pure par t ic le-hole s t a t e s i s successful in 
reproducing the excited s t a t e s fairly well, i t i s not so 
successful in accounting for the c ros s - sec t i ons and angular 
dis t r ibut ions which require mixed s t a t e s , the so-CcQled 
analog and supersymmetric s t a t e s ' . Thus, while our 
discussion with the osc i l la tor cannot be taken to be t r u e , i t 
may not be too far off the mark e i ther . We may, there fore , 
regard i t as a qual i ta t ive description. To t h a t extent , 
success of our calculations (Ch. 6) shows t h a t the 
osc i l la tor roughly descr ibes not only the outermost 
neutron-holes but also those in the inner o rb i t s as well as 
also the A-particle in i t s various o rb i t s . One may think i t 
somewhat surprising because for medium and heavy nuclei the 
nucleon-nucleus or A-nucleus poten t ia l i s more like a W-S 
potent ia l than an osci l la tor , but a re levant fact i s t h a t for 
not too large angular momentum ,^ the upper levels of the 
square well (we hope th i s i s also t r u e of po ten t ia l s like 
W-S) a re nearly equally spaced whereas all levels of the 
osc i l la tor a re equally spaced . Thus, we can always equate 
the spacing of the upper levels of a square well to the 
12G 
spacing of a cer ta in osci l la tor . This leads to a formula for 
the osc i l la tor frequency in inverse powers of the mass 
number. The s i tuat ion holding in inner orb i t s i s not a t aJl 
crucial for our present purpose. Our centred premise i s t h a t 
a par t ic le-nucleus potent ia l ex i s t s . Any reference to the 
par t ic le-hole picture of hypemuclear exci tat ions i s made 
purely for a rough comparison of our parameters and no more. 
The dependence of osc i l l a to r spacing on the mass 
number has already been obtained by many authors . A 
A-oscil lator spacing formula derived by Lalazissis e t al . i s 
based on the idea of approximating the A-nucleus potentisd, 
in a simple model, to an osc i l la tor - l ike potent ia l . Using 
virxal theorem for the osc i l l a to r potent ia l , hco, i s then 
expressed in terms of the expectation value of the kinetic 
energy t o es tabl ish the dependence of hw. on A. Thus, the 
A-nucleus potent ia l i s assumed t o be osc i l la tor - l ike t o begin 
with. The nucleon-osci l lator frequency (^"K,^ ^^^ been 
expressed in terms of A and A in ref. 3 by equating the 
r.m.s. radius of an osc i l la tor t o t h a t of a W-S form. 
Recently, the pro ton- and neut ron-osc iHator spacing formulae 
have been obtained by Lalazissis and Panos using the r.m.s. 
radius of the nucleons derived from the density of the 
neutrons and protons sepera te ly . 
Z 3 B 
Whereas the work of other authors ' ' is based on 
size considerations, our derivation is on energy basis namely 
that the spacing of the first few levels of the square well 
12V 
being nearly equally spaced may be equated t o the spacing of 
an osci l la tor . We confine ourselves t o the square well only 
because, a t present , we are not able to carry out the 
required calculations for a W-S potent ia l . The der ivat ions 
based on these ideas are presented in the next section. 
Results and discussion are presented in sec. 3. The l a s t 
section i s conclusion and summary. 
2. Derivation of the formula : 
For ^ « K R , the spacing AE, for neighbouring levels 
of same t for a square well of depth V , as fe l t by nuclear 
par t ic le , i s given by 
IT V 
^^^ = K R ' ^2.1] 
o [ 2 m V - , 1 / 2 ^ and R i s the nuclear radius which i s 
usually wri t ten as r A . Here, we shall take R = r ' A + A, 
-^  o o ' 
used extensively in the standard l i t e r a t u r e . We note 
t h a t the spacing A E . i s constant for a given potent ia l j u s t 
as for the harmonic osci l la tor . The energy levels of the 
three-dimensional harmonic osc i l la tor a re given by 
E^^ = ( 2n + ^ + I )hco , 
where the symbols have the i r usued meaning. I t follows t h a t 
neighbouring levels of the same I a r i s e from the change of n 
by unity. Thus, AE. can be equated t o 2hco : 
IT V 
2hco = ° K R o 
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Substituting in the above, R given in terms of A and A, and 
neglecting higher powers of A, we have: 
The dependences of w on A, obtained here, i s of the same form 
as given for A in the standard l i t e r a t u r e . I t i s slightly 
different for the case of the nucleon . However, we see in 
the next sect ion t h a t in ac tual prac t ice , the difference i s 
•"1/3 
rather small. The values of the coefficients of A and 
—2/3 
A depend upon the par t i cu la r choice of V^ and r^. As 
such, too much emphasis can not be placed on quan t i t a t ive 
agreement especially as we are using a square well. 
3. Result and discussion : 
From low-energy sca t t e r ing experiments, i t i s well 
known tha t V R = constant , where n l ies between 2 and 3. 
I t IS also known ' t h a t the level a t zero energy, i.e. a j u s t 
bound level, in a square well potent ia l , remains unal tered if 
V^R = constant . 
For a A-particle, taking V^.= 21.7 MeV and r^= 1.30 
fm, as given by Walecka*^ for a square well potent ia l , and 
using the simpler formula R = r A , we find the constant in 
the equation V R = constant . Then, taking for V ^, the more 
reasonable value of 30 MeV, the value of A-well depth in 
infinite nuclear matter , we get the new value of r^ for the 
equivalent square well potenticd. This value of r i s 1.11 
1E9 
fm. The value of A, the additional constant term in the 
expression of R, i s subject t o var ia t ions depending upon the 
way the nuclear radius i s defined or measured. We may choose 
A = 0.70 fm, a value obtained from an ear ly optical model 
analysis , for a rough calculation of the coefficients in 
the formula for hw.. The value of r l i s then obtained from 
A o 
l e a s t square f i t t ing of the radius R = r 'A + A, with R = 
—1/3 
r^A , over a large range of mass numbers, taking r ' as the 
adjustable parameter and taking r = 1.11 fm as found above. 
The value of r i s found to be 0.97 fm. With these choices, 
—1_/'3 —2/3 
the coefficients of A and A a re 37.05 MeV and 26.74 
MeV, respect ively. The energy spacings obtained here and with 
those given in ref. 2, differ by about 1 MeV in the low mass 
number region. This difference becomes even l e s s in the 
heavier mass number region. More quant i ta t ive agreement i s 
not justif ied. The values of these two coefficients , as found 
from X - f i t of the exci tat ion da ta , a re 38.68 MeV and 34.41 
—1/3 
MeV, respect ively. The coefficient of A , as obtained from 
our formiala here and from x - f i t of the excitat ion data , a r e 
quite close. This was only for a rough comparison. 
In a similar manner, we obtain the coefficients of 
A and A" applying expression [2.2] for neutron 
osc i l la tor spacing (^'^N^' ^"^ plausible grounds, taking V , 
the depth of the neutron-nucleus square well potent ia l , t o be 
roughly 10 MeV more than the depth of the A-nucleus square 
well potent ial , i.e. the neutron-nucleus depth t o be about 40 
130 
MeV and taking r and A to be same as obtained for A, the 
—4/3 ™ 2 / 9 
value of the coefficients of A and A a re 46.63 MeV 
and 33.65 MeV, respect ively. We may take the same t o apply 
for the neutron-hole. Now, our formula can not be direct ly 
compared with t h a t given in the ref. 3, obtained by equating 
the r.m.s. radius of an osc i l l a to r t o a Fermi dis t r ibut ion, 
h(o^= 38.87 A'*'^^ - 23.24 A" * , [3.1] 
a s the power of A in the second term i s not same as given in 
eqn. [2.2]. However, the level spacings using the formula 
obtained here and t h a t given in ref. 3 do not differ much. 
This kind of agreement may be considered sufficient for our 
purpose. The spacing as given by the formula employed by us 
in the study of the A-hypernuclear spec t ra are not in 
agreement with those obtained from our presen t formula. No 
comments are called for. 
One may hope t h a t b e t t e r values of the coefficients 
would be achieved, in both the cases of hw^ and hco ,^ for 
medium and heavy nuclei, if a W-S or some o ther similar 
potent ia l i s employed and a b e t t e r search of the po ten t ia l 
parameters i s carr ied out. 
4. Conclusion and Summary : 
Whereas we have taken energy considerat ions as the 
basis of obtaining the formula for hco. and ^^^^f the o the r 
2 3 6 
authors ' ' have banked on size considerat ions. Our main 
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drawback is use of the square well for the A as well as the 
nucleon or the nucleon-hole. Our simple derivation of the 
formulae does not r e s t in any way on the assumption of 
A-hypernuclear excitation arising from particle-hole s t a t e s . 
That picture has been referred to solely for a rough 
comparison of our parameters. 
Due to difference in the nuclear potential depths of 
the A-, Z- and '^  — ', - particles, one expects that the level 
spacings for these different spectra could be quite 
different. The observed spectrum would, therefore, provide 
information on the nuclear potential depths for the different 
particles. 
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TOO MANY PARAMETERS DO NOT GUARANTEE BETTER FITS 
1. Introduction : 
No new r e s u l t s a re obtained in t h i s chapter. Only well 
known r e s u l t s are put in sharper focus. As such the 
discussions have some usefulness. 
The folded A-nucleus potent ia l , obtained using a 
density-dependent effect ive A-nucleon (AN) in terac t ion , has 
1 2 
been shown ' t o give a s a t i s f a c t o r y account of the ground 
s t a t e A-binding energy (B.) da ta of l ight hypemucleL The 
A-nucleus potentied, given by Ahmad e t cd., i s 
where p(r) i s assumed t o be same as the charge dis t r ibut ion 
of the core nucleus. This i s roughly equivalent to taking the 
range of AN force t o be nearly equal t o the proton size. The 
parameters of p(r) a re obtained from the r.m.s. radius of the 
core nuclei. They conjecture t h a t t he i r densi ty parameter P 
simulates the three-body force and o ther similar e f fec t s . 
This has been more explicitly shown in ref. 3. With only two 
parameters, V and f3, t r e a t e d as adjustable, they obtain a 
s a t i s f ac to ry f i t t o the ground s t a t e B. da ta of l ight 
hypernuclei. 
A similar A-nucleus potentied, with a 
density-dependent effect ive AN in te rac t ion having the range 
as an adjustable parameter, has been used by Mian . They use 
135 
osci l la tor shell model densi ty cor rec ted for the cen t re of 
mass motion for al l the four l ight nuclei considered by them. 
The density parameters a re obtained from the r.m.s. radi i for 
the charge dis t r ibut ion of each of the core nuclei. Taking 
range as a free parameter, in addition t o V and P, a fcdrly 
good f i t t o the B. da ta i s obtained for the four l ight 
hypernuclei considered. The value of 0.73 fm for the range i s 
fairly r ea l i s t i c . 
In order to identify and pinpoint the crucial 
fac tors /parameters or procedures responsible for the success 
of the above folding model ccilculations, we car ry out 
calculations of A-binding energy of the light hypernuclei 
following a somewhat different procedure which could 
superficially appear passable. The study gives a useful 
insight. 
We obtain an analyt ical expression for the A-nucleus 
potent ia l by folding a harmonic osc i l l a to r form of point 
nucleon density with an effect ive AN in te rac t ion chosen t o be 
of the gaussian form, taking the same dis t r ibut ion for 
neutrons (N) and protons (Z). The l a t t e r assumption i s qui te 
valid for N - Z nuclei. Jus t i f ica t ion for the choice of 
harmonic osc i l la tor densi ty for the light nuclei considered 
here i s briefly pointed out in the next section. 
However, the chi-square (x ) f i t t ing of the available 
ground s t a t e B^ data of light hypernuclei, even a f t e r 
excluding the four or five known 'troublesome' hypernuclei 
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and also taking all the four parameters occurlng in the 
folded potent ia l as adjustable, does not give sa t i s f ac to ry 
r e s u l t s (X = 870.43). Even inclusion of the three-body force, 
providing a fifth adjustable parameter i s unable to improve 
. . . . . 2 
the situatxon significantly (x = 667.11). Whereas Ahmad e t 
al . , with only two adjustable parameters get a good f i t . The 
2 
Situation i s essenticQly similar in Mian's anadysis . 
Superficially, a t f i r s t sight, one would feel the 
2 / 3 
deficiency of this procedure is the absence of the p term. 
However, with the larger number of parameters here than in 
1 2 
the calculations of Ahmad e t a l . and t h a t of Mian one might 
anticipate even b e t t e r r e s u l t s in the p resen t case. Rather, 
surprisingly, the hopes prove to be completely fcilse. We 
briefly summarize the r e s u l t s of the present calculat ions in 
the next section. 
2. Calculations and Results : 
We obtain an analytical expression for a fairly 
' r ea l i s t i c ' folded potent ia l using a harmonic osc i l la tor form 
of point density dis tr ibut ion: 
2 
P(r) = p [1 + r'{r/a'f] e~^^^^'^ , [2.1] 
where p can be determined from the normalisation condition. 
Many charge densi t ies of light nuclei a re of the osc i l l a to r 
form. We assume the same form for the neutron and proton 
point density distr ibution. As the parameters , r' and a ' , of 
13V 
point mass d e n s i t y a r e no t ava i l ab l e , we t r e a t them a s 
a d j u s t a b l e . The two-body c e n t r a l e f f e c t i v e AN i n t e r a c t i o n i s 
chosen t o be of g a u s s i a n form ; 
^AN<'^ ) = T iT i ® "" ' f2.2] 
^ ^ (IT d ) ^ ^ 
where d i s t h e range of t h e e f f e c t i v e AN fo rce and V i s t h e 
s t r e n g t h . The cor responding folded A-nucleus p o t e n t i a l i s 
[2.3] 
d '" a' •• 
where b^= —^z z * ^o' ' ' ' ^' ^^^ ^ ^^ ® t reated as 
a ' + d 
a d j u s t a b l e p a r a m e t e r s . I t may be mentioned t h a t whereas we 
have ob ta ined an ancdyt ica l exp re s s ion f o r t h e A-nucleus 
po ten t icd , Mian and o t h e r s have ob ta ined t h e p o t e n t i a l 
numerically. However, we a l s o , l ike them, so lve t h e 
Schrodinger equa t ion numerical ly. 
2 
With t h i s folded p o t e n t i a l we c a r r y o u t x - f i t t i n g of 
t h e ground s t a t e B. d a t a ~ of l igh t hypernuc le i with c o r e 
mass number ranging from 2 t o 15. The hypernuc le i p a i r (^H, 
^He), ^He and t h e (*Li, *Be) p a i r have been excluded from t h e 
f i t t i n g a s t h e y c o n t r i b u t e ve ry heavi ly t o x • These a r e well 
known fo r posing problems in many o t h e r t h e o r e t i c a l 
7—11 2 
calculations edso. Wherever, in the x -fitting, there are 
two or more hypernuclei of same mass number, the experimental 
B^ is taken to be the average of the these. As error bar in 
the experimental B^ data of .0 is not available, we take a 
plausible value of 5% of the B?'*'' as the error in the datum. 
1S8 
2 T r e a t i n g V , y', a ' and d a s ad jus t ab le , x - f i t t i n g of 
t h e ground s t a t e B^ d a t a of l i gh t h y p e m u c l e i i s c a r r i e d o u t . 
T o t a l X f o r 11 d a t a - p o i n t s , co r respond ing t o t h e b e s t f i t 
p a r a m e t e r s , V^= -670 .20 MeV fm^, Y'= 1.47, a ' = 0.58 fm and d 
= 0.02 fm, i s 870.43. 
In add i t i on t o t h e folded p o t e n t i a l obta ined from t h e 
e f f e c t i v e two-body i n t e r a c t i o n , a s given above, we add t h e 
p o t e n t i a l , i n t h e folding model, due t o t h r e e - b o d y ANN 
i n t e r a c t i o n . For s impl ic i ty , we assume ANN i n t e r a c t i o n t o 
have t h e same form a s t h e t h r e e - b o d y NNN i n t e r a c t i o n of I. 
Ahmad 
W„ , r ( A - 1 ) 
c u 
where W^  d e n o t e s t h e s t r e n g t h of t h e t h r ee -body fo r ce , C^= 
O.3V1T/5 and a , = 0.99 A . W^ i s t r e a t e d as an a d d i t i o n a l 
' u c o 
f r e e p a r a m e t e r . Exact numer ica l f i t t i n g of t h e low mass 
number ground s t a t e B . d a t a g i v e s t h e b e s t f i t p a r a m e t e r s a s 
V^= -659.57 MeV fm^, y'= 1.50, a ' = 0.63 fm, d = 0.04 fm and 
W^= 10.75 MeV fm**, wi th a x of 667.11 f o r t h e 11 
d a t a - p o i n t s . 
Small v a r i a t i o n in t h e p o t e n t i a l pa r ame te r s of l i g h t 
nuc le i i s v e r y p l a u s i b l e . Average behav iour s e t s in only when 
t h e r e i s a s u f f i c i e n t number of nucleons . The c a l c u l a t i o n 
g ives t o l e r a b l e r e sv i l t s only i f we allow small i nd iv idua l 
f l u c t u a t i o n s in t h e s t r e n g t h of t h e folded p o t e n t i a l (we 
presume t h a t s u c c e s s may a l s o be achieved by allowing smal l 
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individual f luctuation in some o the r parameters also). 
Clearly, few would be happy with such a theo re t i ca l 
calculation because of the individual f luctuation of a 
parameter on top of so many o the r adjustable parameters . 
However, we are not i n t e r e s t e d here in f i t t ing t h e B^ da ta . 
Rather, we want t o understand the crucial f a c t o r s / 
pa ramete rs / procedures responsible for the success of the 
ea r l i e r calciiLations ' . With t h i s aim in view, we carefully 
scrut inize .our p resen t procedure and compare i t- .-with the 
ea r l i e r ones. 
In our present procedure, we ge t average values of the 
density parameters of the nuclear core of Ught hypemuclei. 
In t h i s way, individual f luc tuat ions of the size parameters 
of the core nuclei are not taken into account. These are even 
more important in light nuclei than in medium and heavy ones . 
However, t hese f luctuat ions a re simulated when we allow small 
individual f luctuations of the po ten t ia l parameter. This 
points t o the crucial importance in the e a r l i e r 
calculat ions ' of f i t t ing the densi ty parameters to" the 
experimental r.m.s. radius of each of the core nuclei- Since 
much ear l ie r , the crucial importance of the size parameters 
has been known ' . We note t h a t inclusion of the three-body 
force has very small effect on the f i t s . Presumably, t h i s i s 
also a reflect ion of the bad t r ea tment of the core size. The 
work i s i n s t ruc t ive in clearly hT-i-ging 
140 
out the fact that if not properly chosen, one may have too 
many parameters and yet not achieve even a qualitative fit. 
3. Conclusion : 
We conclude tha t fitting the density parameters to the 
experimental r. m. s. radius of individual light nuclei i s 
crucial for sat isfactory fitting of the B» data of light 
hypemuclei. This i s a re i terat ion of an already known fact. 
1 4 1 
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GAL'S DISPERSIVE ANN FORCE AS APPLIED TO IS-SHELL HYPERNUCLEI 
1. I n t r o d u c t i o n : 
Cons iderab le e f f o r t has been p u t in t o a n a l y s e binding 
energy and o t h e r p r o p e r t i e s of n u c l e a r few-body s y s t e m s 
t h r o u g h v a r i o u s methods ~ , e. g. Fadeev method, v a r i a t i o n a l 
Monte Car lo (VMC) method, coupled c l u s t e r method. Green 
func t ion Monte Carlo (GFMC) method, e t c . For l i g h t e r s y s t e m s , 
A ^ 6 (where A r e p r e s e n t s t h e mass number), t h e n u c l e a r 
binding ene rgy h a s o f t e n ' been ob ta ined using VMC o r GFMC 
t e c h n i q u e s . For l a r g e r nucle i , 7 :S A ^ 40, t h e s e methods 
with r e a l i s t i c f o r c e s become imprac t icab le , t h e r e f o r e , a 
c l u s t e r expansion method with Monte Carlo t echn ique i s u sed 
t o s o l v e t h e e igenva lue problem. We sha l l focus only on t h e 
VMC t echn ique which h a s been used h e r e t o e v a l u a t e t h e ene rgy 
e x p e c t a t i o n v a l u e s of s - s h e l l hypemuc leL 
The Monte Carlo t echn ique p r e s e n t s a convenien t way t o 
e v a l u a t e numerical ly mul t i -d imensional i n t e g r a l s using t h e 
s t o c h a s t i c method. Not only i t i s f a s t e r b u t CLLSO more 
a c c u r a t e compared t o conven t iona l numerical methods. We 
d e s c r i b e some of t h e r e l e v a n t p r o c e d u r e s and formiiLae in 
Appendix E. 
Recent ly , Bodmer and Usmani have been f a i r l y 
s u c c e s s f u l i n giving a s a t i s f a c t o r y d e s c r i p t i o n of B. of 
s - s h e l l h y p e m u c l e i wi th phenomenological, c e n t r a l , two-p ion 
iU 
exchange Urbana-type AN force and three-body ANN forces . 
Two-pion exchange and strongly repulsive "dispersive' type 
ANN forces were chosen. These a r i se from projecting out 
Z, A, ... e t c . degrees of freedom from a coupled channel 
formalism. 
For the r e l a t i v e s - s t a t e , cen t ra l AN potential , having 
same form for t h e s inglet and t r i p l e t spin s t a t e , i s chosen 
to be of Urbana type : 
V. = V = V - ( V - - T V „ ^ A . ^ „ ) T^ / [1-1] 
A N 2IT c ^ 4 C T A N ' I T ' ' • • ' 
where V 
c 
= w^  [ 1 . .xp [-^-t^] ] , 
with W = 2137 MeV, R = 0.5 fm and d = 0.2 fm. T i s one-pion 
c IT *• 
exchange (OPE) t e n s o r po ten t i a l shape modified with a cutoff, 
'"=[-i^!^][-v1(-^-"V< T„ - \l* ^* -,\ l - V I ( 1 - e " r - [1-21 
with X = 0.7r and c = 2 fm" . The spin-average and 
spin-dependent s t r eng th s , V and V , respectively, in terms 
of singlet and t r i p l e t s t r eng ths a re : 
4 s 4 t ' a S t 
Dispersive ANN forces a re considered to be spin-independent 
(V^^) as well as spin-dependent (V^^^) : 
C N = W T^(r^^) T^(r^^) , [1.3a] 
V^AS. = V^ ASK [ 1 - I V ( \ - ^ ) ] • fl-3b] 
Two-pion exchange (TPE) ANN force for s-shel l hypemuclei 
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with cen t ra l comrelations, i s 
C M = Cp[l ^ (3 cos^a -1) T„(r^^) T„(r^^)] Y„:r^^) Y„(r^^) , 
[1.4] 
where cos& = r . .r . , T i s same as given above except t h a t c 
i s replaced by c for the cutoff parameter . Yukawa function i s 
- f i r /«. 2 
Y„(r) = - ^ ( 1 - e '^^ ) , M = 0.7 fm'\ [1-5] 
Two values of c = 2 and 3 fm~ were considered and C = 1 o r 2 
p 
MeV. For NN pair, a local c e n t r a l spirr-isospin independent 
Mafliet-Tjon potent ia l was used, a s i t reproduces fcdrly 
well ground s t a t e binding energies and r . in. s. radi i of 
( H, He) and H nuclei and in case of H the corresponding 
data i s reproduced with sl ight adjustment in one of i t s 
s t rength parameter. Due t o the simplicity of th is po ten t ia l 
one saves a lo t of computer time compared t o when Urbana or 
o ther such potent ia l i s used. 
The three-body ANN cor re la t ions were chosen to be of 
the form: 
where f^^ = 1 - a Y(r^^) ^(r^^) and 
C N = 1 - P (3cos^^ - 1) Y(r^^) Y(r^^) . 
Y(r) a re the Yukawa functions a s defined ear l ier but with the 
range and cutoff parameters t r e a t e d as var ia t iona l 
parameters . 
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B. a re calculated using the standard VMC technique. 
For each hypemucleus, t hese var ia t ional r e s u l t s determine 
s e t s of values of W, V , C and c consis tent vdth the 
A ' p 
exper imenta l v a l u e s of B. fo r t h e d i f f e r e n t s y s t e m s 
c o n s i d e r e d . The main finding of t h e i r c a l c u l a t i o n s i s t h a t 
t h e c o n t r i b u t i o n of t h e c e n t r a l , sp in -dependen t d i s p e r s i v e 
ANN f o r c e t o t h e AN spin-dependence i s =: ^ l e s s t h a n t h a t 
o b t a i n e d wi th sp in - independen t d i s p e r s i v e ANN f o r c e and 
c o n t r i b u t e s =« ^ t o t h e sp in - f l ip s p l i t t i n g of t h e A = 4 
hypemuc le i - However, t h e d i s p e r s i v e ANN fo rce used by them 
i s p u r e l y phenomenological . Thus, i t will be i n t e r e s t i n g t o 
s t u d y t h e m a t t e r in more d e t a i l with o t h e r r e a s o n a b l e forms 
of t h e d i s p e r s i v e ANN f o r c e . 
Recent ly , a d i s p e r s i v e , sp in -dependen t form of ANN 
fo rce {V^ ) h a s been de r ived by Gal**. For A = 4 
h y p e m u c l e i , Gal 's d i s p e r s i v e ANN fo rce i s ze ro , w h e r e a s t h e 
d i s p e r s i v e ANN f o r c e used by Bodmer and Usmani i s n o n - z e r o . 
The e x p e c t a t i o n v a l u e s of t h e s p i n - i s o s p i n f a c t o r s and spin 
f a c t o r s , occu r ing in t h e r e s p e c t i v e d i s p e r s i v e ANN f o r c e s , 
3 
agree with each o ther only for .H. The dispersive ANN 
in te rac t ion , used by Bodmer and Usmani i s sufficiently 
repulsive everywhere whereas Gal's d ispers ive ANN in t e rac t ion 
3 5 
i s repulsxve for .H but a t t r a c t i v e for yiHe. A sui table choice 
of sho r t - r ange cor re la t ion can easily make i t s contr ibut ion 
repulsive for /iHe. In the present work, we have made VMC 
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calculat ions of the same general type as those of Bodmer and 
Usmani for the ground s t a t e of A = 3, 4, 5 hypemuclei along 
with spin-flip excited s t a t e of A = 4 hypemuclei, using 
Gal's form of the ANN force.Our object i s t o study i t s ef fect 
on AN spin-dependence. 
Binding energy of hypemuclei for mass number A = 3, 
•lit ^ 
4, 4 and 5, where 4 r e p r e s e n t s the spin-flip excited s t a t e 
of A = 4 hypemuclei , a r e calciiLated using VMC technique and 
Metropolis random walk method ' . The two-body and 
three-body po ten t i a l s a s well as appropriate cor re la t ion 
functions, a s used by us , will be discussed in next sect ion. 
The effect of 't'^^^ on V^ along with the r e s u l t s of energies 
of s - she l l hypemuclei will be discussed in sec . 3 and 
finally conclusion in sec. 4. 
2- Potentials, Correlations and Trial Wavefunctions 
2.1 Two-Body NN Potential : 
For the NN pair , we use the local cen t ra l , 
spin-isospin independent Mafliet-Tjon potent ia l : 
Vj^ ^(r) = [7.3 9 exp(-3.11r) - 2.93 exp(-1.55r)]^ . [2.L1] 
This potent ia l , besides i t s simplicity, gives ground s t a t e 
binding energies and r . m. s. radi i for ( H, He) and H 
nuclei in reasonable agreement with experunent ' . I t also 
reproduces the corresponding da ta for the H nuclei fair ly 
well with a sl ight adjustment in one of i t s s t r eng th 
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2 . parameters . The cof f icient of the a t t r a c t i v e par t for H i s 
3.201, appropriate t o S = 1, I = 0. As the effect of Coulomb 
in te rac t ion i s found to be small, i t i s neglected here. 
2.2 Two-Body AN Potential : 
For the cen t r a l AN ( s - s t a t e ) potential, we use 
cent ra l , spin-dependent, Urbana-type TPE potent ial (e = 0.25) 
VAK= ( 1 - - ^ - P j [^ c - C V - I V„( S .^S^)) T^  ] , [2.2.1] 
cons i s ten t vath Ap s ca t t e r i ng . P i s the space exchange 
opera to r and V i s a Woods-Saxon repulsive core, 
V^= 2137 [ 1 + exp[ ^ 0,2*^]] ' [2.2.2] 
the parameters of which a re same as those used in ref. 7. T 
i s the one-pion exchange t e n s o r poten t ia l shape modified with 
a cut-off, 
'"'['^^^Z^] [ - ^ Cl - e - V . 12.2.3, 
with X = 0.7r and c = 2.0 fm~ . The spin-average and 
spin-dependent s t r eng ths , V and V^ , respectively, in terms 
of singlet and t r i p l e t s t r eng ths a re : 
V = T V + T V ^ , V = V - V ^ . [2.2.4] 
4 s 4 t ' cr s t "• •" 
•5 
For xHe, which has a zero-spin core, V will not cont r ibute . 
The values of V a r e assumed posi t ive , cons is tent with 
hypemuclear spins. 
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2.3 Three-Body ANN Potent ia ls : 
These a r i se from project ing out X, A, ... degrees of 
p 
freedom from a coupled channel formalism . This gives two 
types of ANN forces, d ispers ive and two-pion exchange type. 
Dispersive ANN in te rac t ion r e p r e s e n t s the effect of the 
nuclear medium via a th i rd baryon on the two-body AN 
in te rac t ion (see figs. 1(a) and 1(b), reproduced here from 
ref. 9). The propagation of the intermediate ZN pair occuring 
in the medium genera tes t h e s e in te rac t ions . Dispersive ANN 
7 
in te rac t ion used by Bodmer and Usmani i s represented in fig. 
2. The following form of dispers ive, spin-dependent ANN 
force, as derived by Gal i s : 
C N = W Y(r^A)Y(r^^) [Y(r^^)T^r^^) [ T(r^^)(3cos^0^^-l)- 1] 
* Y(r,^)T^r^^) [ T(r^^)(3cos^e^^-l)- 1] ] i ?^.?^ x 
(^1-^2 -^  ^A-^12) ' f2.3.1] 
where the t enso r radial shape T(r) and Yukawa function Y(r) 
modified with a cut-off, a re 
T(r) = 1^1 + I + ^ j ^i - Q-""^ j , [2.3.2] 
Y(r) = - ^ [l - e" ' ' ' ' ] , (X = m^r) . [2.3.3] 
S = (cr + cr )/2 and the spin-isospin expectation values of 
r: E P r .T (a .a + a . .3 ) [2.3.4] 
9 . 1 2 ^ 1 2 A 1 2 ' '• ^ 
150 
for s - she l l hypemuclei a re taken from ref. 9 and l i s t ed in 
Table 1 for comparison with the expectation values of the 
spin f ac to r of t he phenomenological dispersive ANN forces 
used by Bodmer and Usmani , These values agree with each 
o ther for ^H but differ elsewhere. The dispersive ANN 
in te rac t ion of Bodmer and Usmani yields sufficient repulsion 
everywhere with l i t t l e room for the shor t - range cor re la t ions 
to affect i t s r e l a t i ve contribution within the s -shel l . 
Asymptotically for the A, t h i s dispersive ANN in te rac t ion 
[2.3.1] i s repulsive for .H but a t t r a c t i v e for ^He. However, 
the asymptotic behaviour can easi ly r eve r se leading t o a 
repulsive contr ibut ion for .He with a shor t range cor re la t ion 
of the type 
1 - fl f(r^^) f(r^^) C 3cos"a^^^ - i ) . 
Two-pion exchange ANN forces (fig. 3), averaged over 
spin-isospin for s - she l l hypemuclei reduces to 
^ K = S [ ^ ^ (3 ^°= '^ -^^ ^TT(^IA) T„(^2A)] Y„(r,^) Y„(r^^) , 
[2.3.5] 
where Tj^ (r) and Y (r) are as given by eqns. [2.3.2] and 
[2.3.3] respectively. For the coefficients C and c, two 
values were considered, 1-2 MeV and 2-3 fm , respectively. 
The first term in the square bracket is a central term 
independent of angles and is weakly repulsive. Whereas the 
15t 
second term i s angle dependent and for small d i s tances makes 
s t rong contr ibut ions . 
2.4 Corxelated Wave Functions : 
The calculat ion of A-seperation energy through 
var ia t ional principle requ i res a good t r i a l wave function. 
This i s const ructed, as in the ea r l i e r work , from a product 
of two- and three-body corre la t ion functions, forming a 
cor re la ted wave function a s follows : 
r A - 1 A - l A - l (A> 
v < J J 
[ 2 . 4 . 1 ] 
(A- l> 1? , . <A-1) 
V = ~ - -
where y/ , v ~ a re the wave functions of the hypemucleus 
of mass number A and of the corresponding core nucleus, 
respect ively and x and v are the appropria te spin 
functions. The two-body corre la t ion functions f. , f , , are 
•' A N ' N N 
obtained from Shrodinger type two-body equation : 
I ^— 7 ^ + V + A I f = 0 , [2.4.2] 
2 M B K B N B N ' '- ^ 
where B denotes A or N, M „ i s the reduced mass. The 
B N 
auxiliary po ten t ia l i s 
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h 1 , 2 BN^ B N ' B N ' ' B N ' 1 1 , I 
B N 2 U 
B 
, 2 *'  1 U B N ^ 
,, ISN r ^ — J [l - - J 
<r - R_„>/a 
^^d V ^ = V^ - ^V,T^ ' C V,K = ^NK 3 [2.4.4] 
where k^^, a^^ ,^ c^^ , R^^ (eqn. [2.4.3]) and s (eqn. [2.4.4]) 
a r e v a r i a t i o n a l p a r a m e t e r s , r^^, i s an eigenvalue p a r a m e t e r 
ob ta ined by matching logar i thmic d e r i v a t i v e s a t some s u i t a b l e 
r . V i s t h e e f f e c t i v e s p i n - a v e r a g e d s t r e n g t h of V^^ f o r t h e 
h y p e m u c l e u s of mass number A. The v a r i a t i o n a l p a r a m e t e r s 
allows f o r t h e e f f e c t of ANN f o r c e s on t h e f^ .^ 
The form of A i s such t h a t f„^, h a s t h e a sympto t i c 
B N BN 
form r e q u i r e d by t h e Schrodinger t y p e two-body e q u a t i o n 
[2.4.2] : 
- V 
f^N - ^ ^'^ exp {-\^r) , [2.4.5] 
with t h e p a r a m e t e r s a p p r o p r i a t e l y chosen. 
The t h r e e - b o d y ANN c o r r e l a t i o n s , of d i s p e r s i v e and 
two-pion exchange t y p e , a r e chosen a s 
f^^ = 1 - a [ Y^r^^)Y(r^^) + Y(r^^)Y^r^^)] C3cos^^ - 1 ) , 
C N = 1 - P ^ 3 c o s " ^ - 1 ) Y(r^^)Y(r^^) , 
where Y(r) a r e Yukawa func t ions with t h e range and c u t - o f f 
p a r a m e t e r s t r e a t e d a s v a r i a t i o n a l . Co r r e l a t i on s t r e n g t h s a 
and (3 a r e a l s o v a r i a t i o n a l p a r a m e t e r s . The choice [2.4.6] i s 
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motivated by the d e s i r e to simulate the f e a t u r e s of 
three-body ANN forces . 
The hamiltonian for the hypemucleus of mass number A 
i s given by 
A V = 1 L < J 
N I = 1 V < J 
i s the hamiltonian of the core nucleus. With the wave 
functions and hamiltonian of the hypemucleus of mass number 
A and the corresponding core nucleus of mass number (A-1), we 
calculate the A-sepera t ion energies, given by 
-^A = A^ - E 
[2.4.7] 
, <A> | . . < A ) I <A>, , <A-1> I „ ( A - 1 > I <A-1>. 
= (y IH ly/ ) _ (V IH \yj ) 
, ( A) < A> , , <A-1> <A-1> , ' 
using standard VMC technique. 
3. Result and discussion : 
The var ia t iona l Monte Carlo r e s u l t s for .H, .H-.He, 
.H "yiHe and ^He a r e shown in tab les 2-5. For each 
hypemucleus, s e t s of values of the different parameters 
involved in the calcula t ions a re determined cons is ten t with 
the experimental values of B.. For *He, V^^ = V i s taken t o be 
fixed a t the value of 6.15 ± 0.05 MeV, a value determined 
1^4 
7 fairly well from Ap sca t t e r i ng . The optimum parameters of 
f for A = 4, 5 hypemuclei were kept fixed a t the values 
given in ref. 7 as t h e s e a re not expected to be very much 
different from those of the core nuclei- k^^ was varied for A 
= 3 only. k^ . linked t o f^ ^ was allowed to be varied for al l 
the hypemuclei- The o the r remaining parameters c^^ , R^^ and 
a^^ were kept fixed a t t he i r approximate optimum values , for 
each hypernucleus, given in ref. 7, as the minima i s not very 
sens i t ive t o t he se values . 
The behaviour of two-body corre la t ions f. (or f ) 
with r e spec t to r^^ (or ^j^j^)t ior optimum values of the 
parameters has been shown in figs. 4-7, for al l s -sheU 
hypemucleL In al l c a se s , a t shor t dis tances , f^^^  (or f ) 
inc reases , then fal ls off a t large dis tances, the fall of f 
being f a s t e r . Except for .H, the peak of f^ ^ i s higher 
compared to t h a t of f , , in al l the cases . The reason for the 
NN 
3 Z 
fy, peak t o be higher in the case of .H i s t h a t the H being 
a loosely bound system, the r. m. s. radius of the nucleon i s 
l a rger than the r. m. s. radius of A. 
Only se lec ted r e s u l t s with appropriate combinations of 
the var ia t iona l parameters which give optimum values of the 
A-binding energies close t o the experimental values are shown 
in the t ab l e s . The B. for .H-^He and .H "/.He are the average 
values of the two. Init ially, we have chosen the dispers ive 
ANN cor re la t ion t o be of the form given in the ref. 7, i.e. 
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C N = 1 - " ' ( "^ .A) ^<r.A) • [3-11 
The resvil ts marked by an a s t e r i s k in the t a b l e s 2-6 
correspond t o the calculat ions done vdth th is corre la t ion . 
Only the r e s u l t s for C (c) = 0(2) MeV(fin~ ) a r e being 
repor ted here a s the na tu re of th i s ANN corre la t ion (eqn. 
[3.1]) i s not compatible with our choice of V^^^. The r e s t of 
the r e s u l t s qouted in t ab l e s 2-6 correspond t o a more 
DS 
sui table form of ANN cor re la t ion ^\j^^ (eqn. [2.4.6]) which 
simulates some f e a t u r e s of v^ 
A N N 
The B. r e s u l t s show somewhat similar t rends a s shown 
in ref. 7, a s f a r a s i t s var ia t ion with V., W and C i s 
A p 
concerned . In general, t h e r e i s increase in B» with V and 
decrease with W. With C , i t may be e i ther repulsive or 
a t t r a c t i v e showing non-Hnear dependence of V^^ on C . 
The ef fec t of ANN forces and three-body cor re la t ions 
i s a lso studied taking f^^ = ^ANN ~ ^ ^®' °^ - P ~ 0. The 
behaviour of V ^ and ^^^^ •'^ ^ a t t r a c t i v e for ^H. The 
behaviour of ^ ^ ^ i s repiilsive as well as t h a t of V^^ i s 
repulsive, wxth one or two exceptions, for .H -yiHe . For AHe, 
both ^^'^K,^ and <V\. > a re repiolsive, except for t he case 
with C (c) = 1(3) MeV(fin ) where ^% »^^  makes a very small 
a t t r a c t i v e contribution. The introduction of f^ , and f^ ^ 
cor re la t ions a re found t o significantly reduce the repiiLsive 
ANN contribution. However, f^ . shows opposite behaviour for 
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^H -y^He and ^He Le. repulsion i s slightly increased. The 
contribution of both ^ ^ j ^ and V\^ i s found t o become more 
repulsive with increasing A. However, ^^v , alone a re not 
sufficient t o account for the overbinding of .He as the i r 
contribution i s small. The major repulsive contribution 
comes from l%^j./ making i t an important component in reducing 
the overbinding of ^He. The contribution of these ANN forces 
t o V„ can be seen in Table 6. 
The values of V^, given in Table 6, a r e obtained using 
the r e l a t ions between V , V and V . I t can be seen from the 
tab le t h a t AN spin-dependence, V and V ' , reduces to 
nearly zero for C (c) = 2(3) MeV (fm" ). This choice of C 
and c, perhaps, i s not very appropriate for these 
hypemucleL Also C (c) = 2(2) MeV (fm~ ) has been found to 
be the b e s t s e t . The calculated AN spin-dependent s t r eng ths 
m 
V , V and V ' , shown in Table 6, a re generally lower 
than the corresponding values given in Table 6b of ref. 7. 
Thus, the new dispersive spin-dependent form of ANN force 
(eqn. [2.3.1]) brings about a significant change in the 
two-body AN spin-dependence compared t o t h a t obtained with a 
phenomenological dispers ive cen t r a l spin-dependent ANN force 
used by Bodmer and Usmani . 
The b e s t s e t which reproduces the ground and excited 
B. of s - she l l and o ther heavier hypemuclei as well as the 
sca t t e r ing da ta has been found t o be the one corresponding 
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to C (c) = 2(2) MeV (fm" ). For this comhination of C and c, 
V and V^ given in Table 6 are, however, significantly 
higher than their corresponding values given in Table 6b of 
ref. 7. Consequently, the spin-dependence of V^ , 
corresponding to C (c) = 2(2) MeV (fm ^), contributes j to 
the 0 - 1 splitting of LI MeV between the ground and 
spin-flip excited state of A = 4 hypemucleL 
4. Conclusion : 
The effect of the dispersive, spin-dependent 
three-body ANN force, derived by Gal , on the AN 
spin-dependence is found to be quite significant. The 
calculated V for all the hypemuclei considered are found to 
be generally lower compared to their respective values quoted 
in Table 6b of ref. 7. However, for C (c) = 2(2) MeV (fm" ,^ 
the spin-dependence V and V^  are significantly higher 
than their corresponding values given in Table 6b of ref. 7. 
Also, for the same choice of C (c), ^ of the 0*- 1* splitting 
of 1.1 MeV between the ground and spin-flip excited state of 
A = 4 hypemuclei is due to the spin-dependence of Gal's 
dispersive ANN interaction. 
However, in order to draw definite conclusion, further 
work needs to be carried out on the B. data of all the 
s-shell hypemuclei and A-binding to nuclear matter using a 
common set of interaction parameters as done by Bodmer and 
158 
. 7 Usmani . Direct knowledge of V^^ from sca t t e r ing along with 
tbe B. would shed more light on the i s s u e of AN 
spin-dependence. 
169 
References 
1. A. N. Mitra and V. S. Bhasin, Phys . Rev. 131 (1963) 1265. 
2. A. G. Si tenko and V. F. Kharchenko, Nucl. Phys . 49 (1963) 
15. 
3. C. Lovelace , Phys. Rev. 135 (1964) 3232, 
4. R. D. Amado, Phys. Rev. 132 (1963) 485. 
5. J . Car l son and R. B. Wiringa, Computat ional Nucl. Phys. 
1, e d i t e d by K. Langanke, J . A. Maruhn and S. E. Koonin 
(Spr inger-Ver lag , Berlin) 1991. 
6. S. C. P ieper , R. B. Wiringa and V. R. Pandharipande, 
Phys. Rev. L e t t . 64 (1990) 364. 
7. A. R. Bodmer and Q. N. Usmani, NucL Phys. A477 (1988) 
621. 
8. R. A. Mafliet and J. A. Tjon, NucL Phys. A127 (1969) 
161. 
9. A. Gal, Inv i t ed t a l k a t t h e Dal i tz Conference, Oxford, 
4-6 July, 1990. 
10. N. Metropol is , A. W. Rosenbluth , M. N. Rosenbluth, A. H. 
T e l l e r and E. Te l l e r , J o u r . Chem. Phys. 21 (1953) 1087. 
U. J . Lonunitz-Adler, V. R. Pandhar ipande and R. A. Smith, 
Nucl. Phys. A361 (1981) 399. 
12. J . Car lson and V. R. Pandhar ipande , NucL Phys. A3 71 
(1981) 301; J. Car l son , V. R. Pandharipande and R. B. 
Wiringa, Nucl. Phys. A401 (1983) 59. 
13. A. R. Bodmer and Q. N. Usmani, Phys. Rev. ~ C31 (1985) 
160 
1400. 
14. Q. N. Usmani and Mohammed Shoeb, p r iva te communication. 
161 
TABLE CAPTIONS 
Table 1 : B . , e f f e c t i v e p o t e n t i a l s t r e n g t h s , e x p e c t a t i o n 
v a l u e s of s p i n / s p i n - i s o s p i n f a c t o r s given i n ref . 
4 4 4 ^ 4 * 
7 & 9. The values for .H-^He and ^R ~A^® ^^® *-^ ® 
average of the two. 
Table 2 : Variational results for .H- <T> and <V > are the 
A BN 
e x p e c t a t i o n v a l u e s of t h e t o t a l k ine t i c and t o t a l 
two-body p o t e n t i a l e n e r g i e s , r e s p e c t i v e l y . E ± AE 
r e p r e s e n t s t o t a l ene rgy of t h e h y p e m u c l e u s with 
t h e c o r r e s p o n d i n g Monte Carlo e r r o r . The v a l u e s 
marked by an a s t e r i s k a r e t h o s e ob ta ined us ing 
d i s p e r s i v e ANN c o r r e l a t i o n given by eqn. [3.1]. For 
a l l c a s e s c^^= 3.7 fm"^, a^^= 5 fm, R^^= 3 fm, c ^ = 
3 fm"^, ay^= 3 fm, Hy^= 1 fm, »i = 0.7 fm" , c = c 
- 1 
and kj^ j^ = 0.27 fm 
Table 3 : V a r i a t i o n a l r e s u l t s f o r ^H-^He. Same a s f o r t a b l e 2 
b u t wi th c^^= 2 fm" , 3L^^= 0.6 fm, R^^= 1-3 fm, 
c^= 2 fm" , 9LJ^= 0.8 fm and 1*^ ^^ = 0.31 fm" . 
4 * 4 * 
Table 4 : V a r i a t i o n a l r e s u l t s f o r .H "AHB . Same a s f o r t a b l e 
Table 5 : V a r i a t i o n a l r e s u l t s f o r .He. Same a s f o r t a b l e 2, 
b u t with c^,^= 1 fm~^, a__= 0.5 fm, R„„= 1-0 fm, 
N N N N NN 
c^^= 2 fm" , a^^= 0.8 fm and kj^ j^ = 0.304 fm" . 
Table 6 : The AN sp in -dependences , a long with t h e v a l u e s of 
V , W, C and c c o n s i s t e n t with t h e exper imenta l B. 
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for dispers ive spin-dependent ANN forces. Here V^^ = 
V = 6.15 MeV. The r e s u l t s marked by an a s t e r i s k 
correspond t o the calculat ions done with ^^^ 
given by eqn. [3.1]. 
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FIGURE CAPTIONS 
Fig.la & b : Pion-exchange diagrams generating dispersive ANN 
in t e r ac t i ons . Wavy l ines denote one-pion exchange. 
Fig. 2 : Dispersive ANN in te rac t ion of ref, 7 a s soc ia t ed 
with supress ion of the TPE AN potent ia l ar is ing 
from modifications of the intermediate T., N, 
by the medium (a '2^ ^ ' nucleon N^). 
Fjjq. 3 : Two-pion exchange diagram generating ANN 
in te rac t ion . Wavy l ines denote one-pion exchange 
AN < > ZN p o t e n t i a l -
Fiq. 4 : The b e h a v i o u r of f^ ^ (or f^ ^^ )^ given by eqn. 
[2.4.5] vs . r^^( r ), for A = 3 hypemuclei. 
Fiq. 5 : Same as fig. 4, for A = 4 hypemucleL 
Fig. 6 : Same as fig. 4, for spin-flip excited s t a t e of A = 
4 hypemuclei . 
Fig. 7 : Same as fig. 4, for A = 5 hypemuclei. 
Fig. 1 
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A N, N2 H^ A N. 
N. N, N^ A N, 
(a) (b) 
N. N^ ^ A N, 
N. 
N. N. N-
Fig. 2 Fig. 3 
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Tuo Body f^ ( -f^N ) vs AN 
F o r t h « c a s o fl"3 
^:^ ^ n^N ^  
A N 
'NN 
^ I I 1 I I 1 I I I I I J I • I i 1 I JvBrriMfU «(r9 taM. Mi^ ,t»ii«>.ii 
7 . 5 ^ 1 0 . 0 i a , 5 
r i n -f e r m i 
1 5 . 5 L7.= 
Fig. 4 
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Tuo B o d y ^^^(.i^^) v s 
F o r t h e o a a e fi = M-
r (, r ) 
' A N N N ' 
' AN 
r*N 
CvJ 
01 
O 
• r i 
I - 3-
C ' 
D 
L. 
OS-
L ' 
O 
O 
o 
• ^ • • . . 1 • I . . 
7.5 ^ LO.O _ l a . 5 
r i n i e r m i 
Fig. 5 
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T w o B o d y -f^^C-f^^) v s r „ , C r ^ „ ) 
F o r e x o i t o d e t a t e o-f fl^^ 
-f 
A N 
^ nt* 
' ' • ' ' ' ' • • [ ' ' ' ' [ I I I 1 I • , . . • , , . I I . . , I . , I 
5 . 0 7.5 ^ L0.O I E , 5 
• r i n -f errn i 
15.0 1.7.5 
Fig. 6 
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T u o B o d y -f^ ^ ( -f^r^) v s T^^ M ^ T i N •' 
F o n t h © o a s o fl •• 5 
' A M 
NM 
. 0 7 , 5 ^ 10.0 ^ 12,5 
r i n f e r rn i 
LS.O 17 . 5 
Fig. 7 
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A P P E N D I C E S 
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APPENDIX A 
Kinematics of a Process with Two Partijcles in the Final 
Channel - The Recoi l less Case : 
Le t u s assume 
a + A » b + B. 
Our immediate i n t e r e s t i s i n t h e p r o c e s s 
K~+ N * iT~+ A. 
Le t p ^ = 0 = p^ , 
then for the case p = 0 = p. ( recoilless A ), we can get 
p = p as follows : 
R e l a t i v i s t i c a l l y , 
i t impLLes ( assuming c = 1 ) t h a t 
r - i i / 2 P ^ 1 / 2 
[ P.ao + "^a J -^  "'A = [ Pb ^ "'b J -^  "^ B ' tA2] 
while 
Pa •" PA = Pb ^ PB ^^^^ 
now r e d u c e s f i r s t t o 
P , + P^ = Pb + PB [A4] 
(because we a r e cons ide r ing only forward s c a t t e r i n g ) and then 
using P^ = 0 and p^ = 0, i t f u r t h e r r e d u c e s t o p^^ = p^, so 
t h a t e l iminat ing p we g e t 
[ q l / 2 p -1 X ^ ^ 
P L + "»1 J - [ Pb + < J = (% - "»A)- fA5] S u b s t i t u t i n g p, = p in t h e above equa t ion , squar ing and 
177 
simplifying we g e t 
[PaO 
1 / 2 
, / 2 , 2 ^ 2 , 2 z l i f 
+ (m^ + mK)P.« + 1^. "IKJ " 2 L* PaO l ^ o ' ^"'a ' '"b^^'cio ' '"a '"b |  r'"B " 'A' '^"a ' '"b (m„- m j ^ - (m^ + m^)] 
= a (say) . [A6] 
Then squa r ing once again and simplifying, we g e t 
2 2 
a - m m, n i / 2 
a " b 
b u t a - m m, 
a. b 
o r 
m j ^ - (m^ + m^)] 2 2 m m, 
a b 
=} {I K-
I- « — 111 JU -1 
PaO ~ 2 , 2 , ^ 
- i K-
^ 
("'I -^  "'b)] ^ "'a ^ 
[A7] 
mj^ -
Cm^- m^- m^- m^) 
This can be w r i t t e n a s 
2 2 2 l „ y . j . u . > 
a - m m, = X n ^'^^~ in^± m ± m, ) a b 4 
Moreover, 
[A8] 
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= (m^- m )^"" [A9] 
Therefore, using [A8] and [A9], eqn. [A7] reduces t o 
[ n Cm^- m^± V m^)] ' "^ 
The above i s a standard r e s u l t for the case of 
recoiLless production. For recoi l less A production, from 
(K~,iT~) reac t ion , i t can be seen from eqn. [AlO] t h a t p =* 
530 MeV/c. By taking p^^ = P^ , + ^P^ ins tead of P^Q= p^ ,^ we 
can ge t the more general formula, giving the momentum of the 
par t ic le B in terms of p^^. Simplicity a r i s e s if fip^ « p^. 
The case p = 0 : 
I t i s of some i n t e r e s t a lso. So, below, we give i t . 
Now E + E = E^  + E and p + p = p^ + p 
a A b B ^o. ^A '^b ^B 
, 1 / 2 r T 1 / Z 
give m + m 
a A [ 1 r T 
Pb ^ ^ J ^ [PB ^ ""BJ b e c a u s e p = 0 = p (p = p ) -
The re fo re , 
m + m ^ + 2 m m = m ^ + m + 2 p + 2 p„+ (m, + m )p + m, m„ 
a A a A b B ^B \^B ^ b B'^B b B 
If we p u t 2a = (m + m - m, - m + 2m m ), we g e t on 
^ ^ a A b B a A" ^ 
simplific a t io n 
r « - ^b ^B V ^ ^ 
PB = [-^--T-—-\ ' [All] 
l- m + m + 2a J 
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Using [AU], one can see that p^^ = p^ =« 252 MeV/c, for 
(K~,n- ) reaction when p = 0. 
180 
APPENDIX B 
Solution of Radial Schrodinger Equation vjjth Woods-Saxon Form 
of Potent ia l : 
The r a d i a l Schrodinger equa t ion of t h e s - s t a t e 
A-wavefunction, with Woods-Saxon form of p o t e n t i a l , 
V(r) = - DXl + e ( ^ " ^ ^ / ^ ) - ' [Bl] 
and E = - B^ IS 
0 " (r) + - ^ [-B^ - D^Cl + e ( ^ - ^ ) / ^ ) - ^ ] 0(r) = 0. 
Eqn. [B2] can be f u r t h e r w r i t t e n a s 
[B2] 
'P" (r) + [C ?^ + ^ ' ) C 1 + e ( ^ " ^ ) / ^ ) " ' - v^] 4>{r) = 0, [B3] 
^ . ^>^AA(PA - ^A) ^ ^ '^^ AA^A 
where ? = and. rj = — • 
The s o l u t i o n of t h i s e q u a t i o n a s well a s t h e n e c e s s a r y 
boundary condi t ion fo r t h e e x i s t e n c e of a bound s t a t e of 
energy - B . can be s e e n in ref. 4 of ch. 2. For t h e I s bound 
s t a t e , B. h a s been shown t o have t h e form : 
2 2 
r ^ 
'A ^ "^ A 
B . - D, - - ^ ^ [ 1 - 2 ^ 3 1 ^ ^34^ 
2M^^C L s S -I 
h^c = 
r i s Eu le r ' s c o n s t a n t and * t h e logar i thmic d e r i v a t i v e of t h e 
"''-^ i ' K t R - ^ H * < ^ * ^ v ] ' Ko=[-5^]"^ 
r - f unct ion. The func t ion * (1 + a K^) may be e v a l u a t e d by 
means of a s e r i e s expans ion 
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00 
*(1 + a K^) = - -^ 4- 2 (-1) ' '* ' C(n+1) (aK^)" , [B5] 
n= 1 
where C(n+1) , n = 1, 2, ... i s Riemann's z e t a funct ion. 
Taking R = C^ + C^A^''^ + C^{N - Z) A^^ , 
a = A^ + K^{N -Z)KJ' , 
and so lv ing [B4] we g e t t h e B^ eJ5)ression, given by equa t ion 
[2.3] of ch. 2. 
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APPENDIX C 
About the Folded Potent ia l 
CI. Relationship Between Geometric Propert ies of a W-S 
Distribution and i t s Simtilated Form : 
A convenient simulation of the Woods-Saxon (W-S) form 
may be obtaiined by assuming i t t o be cons tan t in the i n t e r io r 
region and decaying in the surface region. For the surface 
region we have chosen the gaussian form. The W-S form of 
density d is t r ibut ion i s 
r - ( ( r ' - R ) / a ) - | - i 
P^^(r') = P^ 1^  1 + e J , [CLl] 
while the simulated nucleon density i s chosen t o be as 
^N(^ ' ) = '^  ON ' for r ' < R ^ 
tCl.2] 
'^'N^^') = '='oN ®"^''' ^°^ ^^ ' for r ' > R 
Since W-S form of densi ty d is t r ibut ion reduces to half of i t s 
cen t ra l value a t r = R, the simiiLated densi ty should also be 
half of i t s cen t ra l value a t the same distance R from the 
cent re , Le. a t r = R. This gives 
P , e - t ( ^ - ^ o ) / ^ ] ' = ^ . [C1.3] 
Simplification leads t o the re la t ion between R of W-S form 
and R of the simulated form of d is t r ibut ion 
R - R_T2 
Irx, 2 
o r RQ = R - A y^n. 2 . [C1.4] 
Let r^ ^ and r be the distance at which the density 
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i s 90% and 10% of i t s c e n t r a l va lue , r e s p e c t i v e l y , t h e n fo r 
W-S form, we have 
r - r ^ „ = 2a ^ 9 . [Cl.5] 
l o p o "• -• 
Applying t h e same cond i t i ons of 90% and 10% d i s t a n c e on t h e 
s imula ted d e n s i t y : 
- [ ( r - R ^ ) / A ] ^ ^o 
o e i o o'' •' = 
'^o '^  10 ' o r r = R + A yZTTio . [C1.6] 
Similarly, r^^ = R^ + A •y3n~iO-"^^~ln~9 . [C1.7] 
S u b s t i t u t i n g [C1.6] and [C1.7] in equa t ion [Cl.5], we g e t 
—zzzm — . [C1.8J 
(V^ 10 - y^n, 10 - •^ «. 9 ) 
C2. The Folded A-Nucleus P o t e n t i a l us ing t h e Simxilated 
Dens i ty : 
Using t h e s imula ted dens i t y , given by eqn. [C1.2], and 
the g a u s s i a n form of AN i n t e r a c t i o n , we have ob t a ined an 
a n a l y t i c a l e x p r e s s i o n fo r t h e A-nucleus folded p o t e n t i a d 
which h a s a l r e a d y been given in t h e t e x t (ch. 3). 
We have a l s o ob ta ined an a n a l y t i c a l e x p r e s s i o n f o r t h e 
A-nucleus p o t e n t i a l in t h e folding model t ak ing t h e s imula ted 
d e n s i t y wi th a c o n s t a n t c e n t r a l r eg ion and an exponen t i a l 
t a i l . The A-nucleon i n t e r a c t i o n i s chosen t o be of 
exponent ia l form 
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and the simulated nucleon densi ty i s (Fig. CI) 
[C2.2] 
P ( r ' ) = P e - t ( ^ ' - ^ o ) / ^ l , r ' > R . 
•^N^ ' O N ' O 
The folded A-nucleus poten t ia l 
^A(^) = J" ^ANCI ? - ? ' ! ) P^(^' ) d r ' , [C2.3] 
i s then evaluated using the eqns. [C2.1] and [C2.2]. We f i r s t 
perform 4> i n tegra t ion which simply gives 2IT, as the integrand 
i s independent of 4>- The angle & a r i se s only from the 
expansion of Mr - r ' | in the exponent of eqn.[C2.1]. 
The in tegra t ion over ^ i s performed next in a s t r a i g h t 
forward manner. Finally, the in tegra t ion over r i s carr ied 
out. This leads t o the following expression of A-nucleus 
potent ia l , for r ^ R : 
1S5 
r - R 
V^(r) = 4rd •^^ "^'^ ' ' ' + el- ^ J [- (2rd + 3d") + (rd + 3d")x 
V P 
O N I 
4 r d 
r -R e - - ' | - 2 r d + 3d - (rd -
r-R^> , ^ r -R . 
e 
Ci-|D 
r+R r+R, 
rd + 
[-^]-,(-i)[-^] 
* F T ) L'"a^)-I Jj 
V - 2 ^ - rdl - rd 
( i * s ) 
1  ,  [1*^-3- 1 
[C2.4] 
1S6 
For r 2: R 
V A W = 
V P 
ON ON j e ^ ^ -^  r (2rd - 3d^) + (rd - 3d^) x 
4 r d 
r - R -V _ r r - R _ ^ 2 
3d - (rd -
,-(1- I ) (1- 1)^ (1. |)^J L (,, |3^ (1. 1)3 
2 -. - ^ - ^ i v ^ 
d^a (1-1)" ( i -^ r ] j TrT\ [ -C i - I ) 
[[-^] ^ T^.-]-1[-^r-[-^]&-ir 
A 
r+R r+R. 
r+R ^2 , r+R, _ «T I A J '^  ^ ' ^ I d J r / - J-"^ rv. ,,-c ^ i.-ri\ ^ 
(1-1) 
(d'+ — 2 ^ - r d ) - rd 
(1+1) I- (1+1)-' (1-1)^ (I-I)-'JJ 
[C2.5] 
1S7 
T 
P(r) 
R. 
r (fm) 
exponential 
t a i l 
Fig. CI : The density with cons tant cent ra l region and ayy 
exponential t a i l , given by eqn. [C2.2]. 
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APPENDIX D 
Solution of Radial Schrodinger Equation with Exponential Form 
of Potential : 
With t h e r a d i a l wavef unct ion ^^{T) = A:(r)/r and the 
- r / a A-nuc leus p o t e n t i a l a s V(r) = ~V e ' , t h e s - s t a t e r a d i a l 
p a r t of Schrodinger e q u a t i o n can be w r i t t e n a s 
- A T - ^ + Voe"""/^ X + E X = 0 . [Dl] 
2 m^ ^ 2 o 
In t roduc ing a new v a r i a b l e 
J = Q-^/^^ ^ t h e n 
d ^ ^ d ^ d 3 _ ^ l i ^ ^ 
d r ds ' d r 2a * da * 
l^X _ _ 1 _ , d_ ^ , d^ -N ^ _ 1 _ r,2 d j 
, 2 ^ 2 * da '^  * da J . 2 r ^^' 
d r 4a 4a •- da 
S u b s t i t u t i n g in [Dl] above 
i"" ^ + i ^ + o^ i'^X - 9^x = 0 . [D2] 
da * 
8m.V_a^ r 8 m j E | a % i / 2 
where a =+ — 
Dividing t h e d i f f e r e n t i a l equa t ion [D2] by a g ive s 
^ ^ I if ^ (°^  - -!)^ = ° • [°3^  
da * ^* a 
Again i n t r o d u c i n g a new v a r i a b l e 
y = Vet a ; we g e t 
£ | ^ i d^ + (1 - n ' ) ; , = 0 . [D4] 
dy^ V dv ^ ^2^ 
This eqn. [D4] i s t h e Besse l ' s e q u a t i o n and i t s g e n e r a l 
1S9 
s o l u t i o n i s 
X{r) = A Jp((y^ e"^/''^) + B YpCVa e"^/^^) . [D5] 
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APPENDIX E 
Some of the Relevant Procedures and Formulae used in 
Variational Monte Carlo Technique : 
EL Monte Carlo quadrature : 
Le t X = (X , X , ...., X ) be a s e t of random numbers 
uniformly d i s t r i b u t e d in any given i n t e r v a l (a, b) and h(x) 
be an a r b i t r a r y func t ion of x. The i n t e g r a l of t h e form 
(provided i t i s defined) 
b 
I = J h(x) dx , [E1.1] 
OL 
may be shown, us ing c e n t r a l l imit theorem, t o be given by 
I = Lim - ^ [ E h(x.) 1 . [E1.2] 
The v a r i a n c e i s de te rmined a s 
cr^  = Lim - i - E h' '(x,) - I^ . [E1.3] 
N >00 1 = 1 
Since q u a d r a t i c d e v i a t i o n of t h e func t ion h(x) from t h e mean 
I i s f i n i t e and t h e sampling i s l i inited t o N, t h e e s t i m a t e of 
1 / 2 
I will have a s t a n d a r d d e v i a t i o n u/N and t h e va lue of t h e 
i n t e g r a l can be w r i t t e n a s 
I ± ( tr/N^^^) . [E1.4] 
The error of the quadrature depends upon the variance 
of the function h(x) to be integrated and the number of 
samples, whereas the square of the variance 
b 
tr^  = J (h(x) - I)^ dx , [E1.5] 
a 
is independent of the number of samples or the sampling 
19t 
method. 
As a consequence, to reduce the computational e r r o r by 
— in t h i s method the number of samples N has to be increased 
Z 2 
t o n N, where n = 2, 3, 4, .... The variance a measures the 
quadrat ic deviat ion of the function h(x) from i t s mean value 
I. Thus, rapidly varying functions will have a large 
variance. To improve the accuracy severa l techniques 
havebeen developed. Here, we shall briefly describe the 
importance sampling technique. 
E2. The Importance Sampling : 
The basic idea of importance sampling i s t o reduce the 
variance by sampling x from a different probability 
d is t r ibut ion function f(x) defined in the same in t e rva l (a, 
b) of the quadra ture . Thus, modifying the function t o be 
sampled as well a s the sampling algorithm, eqn. [El.l] may be 
rewri t ten a s 
b 
I = J [ h(x)/f(x)] f(x) dx . [E2.1] 
a 
This implies t h a t I can be estimated by computing the average 
1 '^  I = Lim ^ EC h(x )/f(x.)] , [E2.2] 
N >00 1 = 1 
1. J. M. Hammerslay and D. C. Haniscomb, Monte Carlo Methods, 
Mathew's Monograph (Norwich, U. K. 19 67). 
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provided f(x) does not vanish where h(x) ex i s t s . The new 
value of the variance i s 
N 
u" = Lim - ^ E [ h(x)/f(x.)] ^ - I ^ [E2.3] 
N >00 i = 1 
A proper choice of f(x) (Le. f(x) should be able t o itiinimize 
the function h(x)), gives a smaller variance. In the 
var ia t ional many-body problem, e:q)erience has shown, t h a t 
importance sampling function i s t he t r i a l wave function 
squared, which i s chosen according t o the s t r u c t u r e of the 
physiccil problem. 
E3. The Metropolis Algorithm : 
The determination of a sui table d is t r ibut ion function 
and carrying out the required sampling with th is function 
s t i l l poses a problem. To solve th i s problem, Metropolis e t 
al. have derived a s tochas t ic algorithm Le. a random walk in 
the mul t i -var ia te coordinate space which genera tes 
asymptotically the desired s e t of random numbers. This 
algorithm i s known as Metropolis random walk method. 
The Metropolis algorithm , which can be generalised to 
2. N. Metropolis e t al., J. Chem. Phys. 21 (1953) 1087. 
3. R. Guardiola, Lectures delivered a t t he Asociacion pro 
Centre Int. (Columbia), July 198 6. Published in World 
Scientific, Singapore. 
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the case of a continuous probabilty d is t r ibut ion P(x), i s as 
follows. In general, the probability d is t r ibut ion depends 
upon 3N coordinates of N pa r t i c l e s . The random walk i s 
usually ca r r i ed out in N s t eps . In each s t ep , a move i s made 
from the posi t ion x within a line segment of length D t o x' 
(= X + D(2z-l), where z i s from U(0,1)), in t u rn for each 
individual pa r t i c l e . The move i s accepted if P(x') > P(x); x' 
i s put in the l i s t of random numbers and renamed as x and the 
process i s repea ted by making a new move. In case P(x') < 
P(x), the move i s not re jected, but a new random number z i s 
sampled from U(0,1). If P{x' )/P(x) > z, then the move i s 
accepted otherwise i t i s re jec ted and a new random number z 
i s again sampled. 
The choice of D i s a rb i t ra ry . However, very small D 
r e s u l t s in large number of acceptances and hence large number 
of moves a re reguired t o cover the space. When D i s large, 
the number of re jec t ions i s large, hence a large time i s 
spent a t every position. Appropriate value of D i s chosen 
which would give reasonable number of acceptances i.e. 50% to 
70%. 
The Metropolis algorithm i s repeated a number of 
times, before a new point i s accepted for sampling. After all 
pa r t i c l e s have been moved, the resul t ing point i s the new 
miiLti-dimensional random number. 
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E4. Variational Upper Bound of the Ground State Energy : 
A suitably parametrised t r i a l wave function v i s used 
t o compute a var ia t ional upper bound t o the ground s t a t e 
energy E^, using the Rayleigh-Ritz var ia t iona l principle. The 
upper bound to the ground s t a t e energy i s given by the 
multi-dimensional in tegra l 
/ V'*(H) H v (R) dR 
where H and R r ep re sen t s the hamiltonian and the s e t of 3N 
coordinates , respect ively. For spinless pa r t i c l e s and when 
the hamiltonian i s a local opera to r , eqn. [E4.1] can be 
wr i t ten in a form more appropria te for Monte Carlo 
calculat ions . A local energy E (R) i s defined as 
and a mul t i -var ia te probability d is t r ibu t ion 
P(R) = 1 [E4.3] 
/ | V ^ ( R ) | dR 
i s defined such t h a t i t i s always pos i t ive and normalised t o 
unity. Then the var ia t ional energy i s wr i t ten in the s tandard 
form of Monte Carlo quadrature , a s 
Ev = J P(R) E^(R) dR ' [E4.4] 
with P(R) a s the importance sampling function to be sampled. 
The Metropolis Monte Carlo agorithm i s used to perform the 
3N-diraensional in tegra ls . Sampling i s done on the s e t of 
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configurations, ]^ =^ (r^, r^, ..., r ) and an est imate of the 
energy i s obtained using 
E^ = 4 - E Ej5.) , [E4.5] 
i. = 1 
with an s t a t i s t i c a l e r ro r , 
^^ = [-¥- [ J^ <(^) • v^ ] I • [E4.6] 
Since we a r e i n t e r e s t e d in the minimum value of the 
energy, each VMC must be repeated seve ra l times for different 
values of the var ia t iona l parameters in the t r i a l wave 
function. The method i s quite slow, thus implying a large 
amount of computing time. Moreover, the s t a t i s c a l 
f luctuat ions of the r e s u l t s may give r i se to an incor rec t 
placement of the minimum. However, t hese f luctuat ions present 
an est imate of the variance which i s often very hard to 
obtain from an analyt ica l formulation. 
Thus, using [E4.5] and [E4.6], we calculate the energy 
along with the s t a t i s t i c a l e r ror , E ± AE, applying the 
var ia t ional Monte Carlo technique. 
